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DEFORMATIONS AND RIGIDITY OF LATTICES
IN SOLVABLE LIE GROUPS
OLIVER BAUES AND BENJAMIN KLOPSCH
Abstract. Let G be a simply connected, solvable Lie group and Γ
a lattice in G. The deformation spaceD(Γ, G) is the orbit space as-
sociated to the action of Aut(G) on the space X(Γ, G) of all lattice
embeddings of Γ into G. Our main result generalises the classi-
cal rigidity theorems of Mal’tsev and Saitoˆ for lattices in nilpotent
Lie groups and in solvable Lie groups of real type. We prove that
the deformation space of every Zariski-dense lattice Γ in G is fi-
nite and Hausdorff, provided that the maximal nilpotent normal
subgroup of G is connected. This implies that every lattice in
a solvable Lie group virtually embeds as a Zariski-dense lattice
with finite deformation space. We give examples of solvable Lie
groups G which admit Zariski-dense lattices Γ such that D(Γ, G)
is countably infinite, and also examples where the maximal nilpo-
tent normal subgroup of G is connected and simultaneously G has
lattices with uncountable deformation space.
1. Introduction
Let G be a simply connected real Lie group. A lattice Γ in G is rigid
if every embedding of Γ into G as a lattice extends to an automorphism
of the Lie group G. Landmark results about rigidity and superrigidity
of lattices in the context of semisimple Lie groups are the Mostow
Strong Rigidity Theorem and the Margulis Superrigidity Theorem.
In the context of solvable Lie groups, a classical theorem of Mal’tsev–
Saitoˆ states that, if G is nilpotent [14] or solvable of real type [23], i.e.,
if G is solvable and if the eigenvalues of all the transformations Adg,
g ∈ G, in the adjoint action of G are real, then every lattice in G is
rigid. On the other hand, it is known that generally lattices in solvable
Lie groups can be very far from being rigid. In [26] Starkov gave im-
portant examples of rigid and non-rigid lattices in solvable Lie groups.
In [31] Witte proved that, if G is solvable, then every Zariski-dense lat-
tice Γ in G is superrigid in the following sense: any finite-dimensional
representation ̺ : Γ → GLn(R) virtually extends to a representation
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of G. He also showed that, if G is solvable and Γ is a Zariski-dense lat-
tice in G, then every homomorphic embedding of Γ into G as a lattice
extends to a crossed automorphism of G, i.e., a certain type of ‘twisted’
automorphism.
In the present paper we initiate a quantitative description of the
phenomenon of non-rigidity for lattices in Lie groups. Let
X(Γ, G) = {ϕ : Γ →֒ G | ϕ(Γ) is a lattice in G}
be the space of all homomorphic embeddings of Γ into G as a lat-
tice, equipped with the topology of pointwise convergence. The space
X(Γ, G) and its connected components feature in classical works of
Weil [28] and Wang [27]. The group Aut(G), consisting of all con-
tinuous automorphisms of G, is a Lie group and acts continuously on
X(Γ, G) from the left via composition. We observe that Γ is rigid in G
if and only if Aut(G) acts transitively on X(Γ, G). More generally, the
orbit space
D(Γ, G) = Aut(G)\X(Γ, G),
provides a quantitative measure for the degree of non-rigidity of Γ in G.
It can be interpreted as the deformation space of lattice embeddings
of Γ into G. We note that the quotient space D(Γ, G) also reflects
topological properties of the Aut(G)-orbits in X(Γ, G).
Let G be a simply connected, solvable Lie group, and let Γ be a
lattice in G. In general, deformation spaces of the form D(Γ, G) can
be uncountable. In the present article we are particularly interested
in describing principal situations where D(Γ, G) is finite or countable.
The groupG is said to be unipotently connected if its maximal nilpotent
normal subgroup is connected. Our main theorem shows that Zariski-
dense lattices in unipotently connected solvable Lie groups have finite
deformation spaces.
The following discussion of our main results is built around three
general themes: deformation spaces of lattices in unipotently connected
groups, the characterisation of strong rigidity, and the topology of de-
formation spaces.
Deformation spaces for unipotently connected groups. We prove
the following finiteness result for deformation spaces:
Theorem A. Let G be a simply connected, solvable Lie group G which
is unipotently connected. Then for every Zariski-dense lattice Γ of G
the deformation space D(Γ, G) is finite. Moreover, its cardinality is
uniformly bounded above by a constant depending only on the dimension
of G.
We remark that, if G is of real type, then G is unipotently connected
and every lattice Γ in G is Zariski-dense. Hence, Theorem A generalises
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the above mentioned rigidity theorems of Mal’tsev and Saitoˆ. Further-
more, it yields the following application, showing that Γ is weakly rigid
in G up to finite index in Aut(Γ).
Corollary B. Let G be a simply connected, solvable Lie group G which
is unipotently connected, and let Γ be a Zariski-dense lattice of G. Then
the automorphisms of Γ which extend to automorphisms of G form a
finite index subgroup of Aut(Γ). The index of this subgroup is uniformly
bounded above by a constant depending only on the rank of Γ.
The constant alluded to in Theorem A and Corollary B is specified
in Section 8.1.
We emphasise that the conclusion of Theorem A ceases to hold if
one of the assumptions, unipotent connectedness of the Lie group G
or Zariski-denseness of the lattice Γ, is dropped. In Section 2 we con-
struct a Zariski-dense lattice in a non-unipotently connected Lie group
G which has a countably infinite deformation space. Moreover, we pro-
vide in the same section examples of non-Zariski-dense lattices in unipo-
tently connected groups which have uncountable deformation spaces.
A construction of Starkov shows that there exist rigid lattices which
are not Zariski-dense; see [26, Example 6.1].
It is worth noting that unipotently connected Lie groups cover a
wide range of lattices. Recall that every discrete subgroup of a solv-
able Lie group is polycyclic; see [18]. By a result of Auslander, every
polycyclic group virtually embeds as a Zariski-dense lattice into a suit-
able simply connected, solvable Lie group; see [1, 31]. We show that,
in addition, the Lie group can be taken to be unipotently connected;
see Proposition 5.3. This refinement yields the following corollary.
Corollary C. Let Γ be a polycyclic group. Then Γ admits a finite
index subgroup ∆ which embeds as a Zariski-dense lattice into a sim-
ply connected, solvable Lie group H such that the deformation space
D(∆, H) is finite.
The next corollary provides a simple structural criterion for a poly-
cyclic group Γ to ensure that the deformation space associated to any
Zariski-dense lattice embedding of Γ is finite.
Corollary D. Let Γ be a polycyclic group such that the commutator
subgroup [Γ,Γ] has finite index in the Fitting subgroup Fitt(Γ). Then
for every Zariski-dense lattice embedding of Γ into a simply connected,
solvable Lie group H the deformation space D(Γ, H) is finite.
Indeed, the condition on Γ in Corollary D implies that every Zariski-
dense lattice embedding of Γ is into a unipotently connected Lie group;
see Proposition 6.6.
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The condition of unipotent connectedness will be further motivated
and explained in Section 5. The class of unipotently connected groups
coincides with the class of groups (A) defined in [26]; the terminology
we employ originates from [10]. If Γ is a Zariski-dense lattice in G,
then G is unipotently connected if and only if the dimension of the
nilradical of G is equal to the rank of the Fitting subgroup of Γ; see
Corollary 5.4. The Fitting subgroup Fitt(Γ) is the maximal nilpotent
normal subgroup of Γ. This illustrates that unipotently connected
groups afford strong ‘structural’ links to their Zariski-dense lattices.
Strong rigidity and the structure set. Let G be a simply con-
nected, solvable Lie group. A Zariski-dense lattice Γ in G is called
strongly rigid if every embedding of Γ as a Zariski-dense lattice into a
simply connected, solvable Lie group H extends to an isomorphism of
Lie groups G→ H . Zariski-denseness guarantees that such extensions
are unique, whenever they exist. While rigidity of Γ in G is a property
which crucially depends on the ambient Lie group G, strong rigidity
only depends on the group Γ itself. Indeed, we consider the structure
set for Zariski-dense embeddings of Γ into simply connected, solvable
Lie groups H , defined as
S
Z(Γ) = {ϕ : Γ →֒ H | ϕ(Γ) is a Zariski-dense lattice in H}
/
∼ ,
where two embeddings ϕ1 : Γ →֒ H1 and ϕ2 : Γ →֒ H2 are equivalent
if there exists an isomorphism of Lie groups ψ : H1 → H2 such that
ψ ◦ϕ1 = ϕ2. Clearly, Γ is strongly rigid if and only if S
Z(Γ) consists of
a single element.
For every simply connected, solvable Lie group G such that Γ is
a Zariski-dense lattice in G, the deformation space D(Γ, G) embeds
naturally into the structure set SZ(Γ); see Section 8.3. Our principal
observation concerning the structure set SZ(Γ) is the following.
Theorem E. Let Γ be a Zariski-dense lattice in a simply connected,
solvable Lie group G. Then the structure set SZ(Γ) is either countably
infinite or it consists of a single element. The structure set consists
of a single element if and only if Γ embeds as a lattice into a simply
connected, solvable Lie group of real type.
Corollary F. Let Γ be a Zariski-dense lattice in a simply connected,
solvable Lie group G. Then D(Γ, G) is at most countably infinite.
In particular, Theorem E shows that Γ is strongly rigid if and only
if Γ is a lattice in a simply connected, solvable Lie group of real
type. Combining Theorem A and Theorem E, we prove the follow-
ing dichotomy result for Zariski-dense lattices in unipotently connected
groups.
Corollary G. Let Γ be a Zariski-dense lattice in a simply connected,
solvable Lie group G which is unipotently connected. Then either Γ
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is strongly rigid or there exist countably infinitely many pairwise non-
isomorphic (unipotently connected) simply connected, solvable Lie groups
which contain Γ as a Zariski-dense lattice.
Topology of the deformation space. Let G be a simply connected,
solvable Lie group, and let Γ be a lattice in G. We apply our results to
study the structure of the space X(Γ, G) of lattice embeddings of Γ into
G and, in particular, the properties of the Aut(G)-action on X(Γ, G).
Recall that X(Γ, G) is a subspace of the space Hom(Γ, G) of all ho-
momorphisms of Γ into G, equipped with the topology of pointwise
convergence. The group Aut(G), which naturally carries the structure
of a Lie group, acts continuously on X(Γ, G), and the deformation space
D(Γ, G) = Aut(G)\X(Γ, G),
equipped with the quotient topology, reflects properties of the Aut(G)-
orbits in X(Γ, G).
Since Γ is finitely generated, the space Hom(Γ, G) carries the ad-
ditional structure of a real algebraic variety; in particular, it has only
finitely many connected components. By a celebrated result of Weil [28],
for any cocompact lattice ∆ in a Lie group H the space X(∆, H) is an
open and locally path connected subset of Hom(∆, H). In classical
situations, for example, in the case H = PSL(2,R), the space X(∆, H)
coincides with the union of two connected components of Hom(∆, H);
see [7, 8]. Moreover, the set X(∆, H) and its quotient, the Teichmu¨ller
space, are connected manifolds which can be described by algebraic
equalities and inequalities; see [13].
For the simply connected, solvable Lie group G a result of Wang [27]
implies that the connected components of X(Γ, G) are manifolds. How-
ever, for a general solvable Lie group H , even if ∆ is a Zariski-dense
lattice in H , the space X(∆, H) can have infinitely many connected
components; see Example 2.5. This shows that, in general, X(∆, H)
cannot be described as a semi-algebraic subset of Hom(∆, H).
In contrast to the general picture, Theorem A shows that for a large
class of lattices the space X(Γ, G) has only finitely many connected
components. Indeed, whenever D(Γ, G) is finite, the space X(Γ, G) has
finitely many components, because the real algebraic group Aut(G) has
only finitely many components.
Corollary H. Let G be a simply connected solvable Lie group which
is unipotently connected. Then for every Zariski-dense lattice Γ of G
the space of lattice embeddings X(Γ, G) has finitely many connected
components.
The lattice Γ is said to be locally rigid in G if the Aut(G)-orbit of
the identity map ϕ0 = idΓ : Γ →֒ G is open in X(Γ, G); see [20, I,
Chap. 1, §6.1]. The lattice Γ is deformation rigid in G if the identity
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component Aut(G)◦ acts transitively on the component of X(Γ, G) con-
taining ϕ0; see [26, §7]. In principle, Γ could be locally rigid without
being deformation rigid.
The real algebraic hull AΓ of Γ is a real algebraic group, associated to
Γ in a functorial way, which we use to control the Zariski-dense lattice
embeddings of Γ. Its construction is originally due to Mostow [19].
In Section 8.3 we establish a one-to-one correspondence between the
structure set SZ(Γ) and a certain collection G(Γ) of closed Lie subgroups
of AΓ. As explained in Section 9, this allows us to transfer the natural
topology on G(Γ) induced by the Chabauty topology on the set of
closed subgroups of AΓ to S
Z(Γ). Using Theorem E and the result of
Wang [27], we prove the following.
Theorem I. Let Γ be a Zariski-dense lattice in a simply connected,
solvable Lie group G. Then the structure set SZ(Γ) has the discrete
topology and the embedding of D(Γ, G) into SZ(Γ) is continuous.
In particular, every Zariski-dense lattice in a simply connected, solv-
able Lie group is locally rigid. In fact, from our proof of Theorem I we
derive also the following corollary, for which a proof sketch is provided
in [26, Proposition 7.2 and its Corollary 7.3].
Corollary J. Let Γ be a Zariski-dense lattice in a simply connected,
solvable Lie group G. Then Γ is deformation rigid in G.
We conclude the section with a brief description of the organisation
of the paper and a summary of the basic notation and terminology
employed.
Organisation. In Section 2 we present a collection of instructive ex-
amples, illustrating our main results. In Section 3 we summarise im-
portant facts about lattices in solvable Lie groups and introduce tools
with which to study them. In particular, we recall the algebraic hull
construction for polycyclic groups and solvable Lie groups; after this we
discuss the notion of tight Lie subgroups. In Section 4 we strengthen
Mostow’s theorem about the intersection of a lattice Γ with the nilrad-
ical of its ambient Lie group G. Section 5 is concerned with characteri-
sations of unipotently connected Lie groups. In Section 6 we introduce
and describe the space G(Γ) which assists in the description of Zariski-
dense embeddings of a lattice Γ. Section 7 is devoted to the space GΓ,G
which gives a fibration for the deformation space D(Γ, G) of a Zariski-
dense lattice Γ in G. Section 8 contains the proofs of most of our main
results, namely all results from Theorem A up to Corollary H. Finally,
in Section 9 we discuss the topologies on the structure set SZ(Γ) and
the deformation space D(Γ, G), proving Theorem I and its Corollary J.
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Notation and terminology.
Polycyclic groups. A group Γ is polycyclic if there exists a finite series
of subgroups Γ = Γ1 D Γ2 D . . . D Γr+1 = 1 such that each quo-
tient Γi/Γi+1 is cyclic. The rank rk(Γ) of a polycyclic group Γ is the
number of infinite cyclic factors in such a series, which is an invariant
of Γ. The Fitting subgroup Fitt(Γ) of Γ is the maximal nilpotent nor-
mal subgroup of Γ. See [24] for further results on polycyclic groups.
Linear algebraic groups LetG be a linear algebraic group, defined over
a field of characteristic 0. If H is a subgroup of G, we write H
z
for
the Zariski-closure ofH inG and we denote by u(H) the collection of
unipotent elements in H . If H is solvable, u(H) is a subgroup. The
identity component of G is denoted by G◦. The unipotent radical
of G, i.e., the maximal connected unipotent normal subgroup of G,
is denoted by Radu(G). If G
◦ is a solvable group, then Radu(G) =
u(G) = u(G◦), and [G◦,G◦] ⊆ Radu(G).
The group G has a strong unipotent radical if the centraliser of
the unipotent radical CG(Radu(G)) is contained in Radu(G). If G
is defined over a field k, then we denote by Autk(G) the group of
k-defined automorphisms of G. If G has a strong unipotent radical
and is defined over k, then the group Autk(G) can be regarded as
the group of k-points of a k-defined linear algebraic group; see [4].
See [5] for a general reference on linear algebraic groups.
Lie groups and lattices In the present paper all Lie groups are real Lie
groups. Every simply connected Lie group is connected.
A Lie subgroup is an immersed submanifold which inherits a Lie
group structure from the ambient group. The identity component of
a Lie group G is denoted by G◦. The nilradical Nil(G) of a Lie group
G is the maximal connected nilpotent normal subgroup of G.
A real linear algebraic group A is the group of R-points A = AR
of a linear algebraic group A defined over R. In this case we write
A◦ = A◦R. Such a group is also a Lie group with respect to its natural
Euclidean (Hausdorff) topology. We have A◦ ≤ A
◦ and |A : A◦| <
∞; see [18, Appendix] or, more generally, [29].
A closed subgroup H of a Lie group G is said to be cocompact (or
uniform) if the quotient G/H is compact. A lattice in G is a discrete
subgroup of finite co-volume, i.e. a discrete subgroup Γ such that
the space G/Γ admits a G-invariant probability measure. If G is a
solvable Lie group, then a subgroup Γ is a lattice in G if and only if
Γ is discrete and cocompact. Let g be the Lie algebra associated to
G, and let Ad: G → GL(g) denote the adjoint representation of G.
We say that a lattice Γ is Zariski-dense in G if Ad(Γ)
z
= Ad(G)
z
in the ambient real algebraic group GL(g). Every simply connected,
nilpotent Lie group G admits naturally the structure of a unipotent
real linear algebraic group by using exponential coordinates. With
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respect to this real algebraic structure, a subgroup Γ is Zariski-dense
in G if and only if the closure of Γ in the Euclidean topology of G is a
cocompact subgroup. Every connected Lie subgroup of a unipotent
real algebraic group is Zariski-closed. See [22] for a general reference
on lattices of Lie groups.
2. Instructive examples
The purpose of this section is to present a number of concrete exam-
ples and useful constructions of lattices in solvable Lie groups. While
some of them are certainly well known, others highlight new insights.
Many examples of rigid and non-rigid lattices in solvable Lie groups
can be found in [26].
In order to describe some explicit Lie groups and lattices we parametrise
2-by-2 rotation matrices over R by setting
(2.1) R(t) =
(
cos(2πt) − sin(2πt)
sin(2πy) cos(2πt)
)
,
and we denote block diagonal matrices with blocks B1, . . . , Bk, say,
by diag(B1, . . . , Bk).
2.1. Uncountable deformation spaces. We provide a simple ex-
ample of a non-Zariski-dense lattice Γ in a non-unipotently connected
group G such that the deformation space D(Γ, G) is uncountable. We
also explain that a construction of Milovanov, discussed in [26, Exam-
ple 2.9], yields an example of a non-Zariski-dense lattice Γ in a unipo-
tently connected group G such that D(Γ, G) is uncountable. The latter
shows that the assumption of Zariski-denseness of Γ in Theorem A is
not redundant.
Example 2.1. Consider the group E˜(2)+, the universal cover of the
group of orientation-preserving isometries of the Euclidean plane. We
realise an isomorphic copy of this group as follows:
G = V.X(R) ∼= R2 ⋊ R,
where V = R + Ri = C and the one-parameter group X(t) acts as
multiplication by e2piti on V . Then Γ = (Z+Zi).X(Z) ∼= Z3 is a lattice
in G which is not Zariski-dense. We claim that the deformation space
D(Γ, G) is uncountable.
We observe that Z(G) = X(Z) and Nil(G) = V ; in particular, G is
not unipotently connected. If Λ is any lattice in the vector group V ,
then ΛX(Z) is a lattice in G which is isomorphic to Γ. Now V is
characteristic in G. Hence Aut(G) acts on the collection of all lattices
in V , and D(Γ, G) maps onto
Aut(G)\{Λ | Λ a lattice in V }.
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Consequently, it suffices to show that the latter space is uncountable.
For our purposes it is more convenient to work with the identity com-
ponent Aut(G)◦ of Aut(G); this is permissible, because Aut(G)◦ has
finite index in Aut(G). Two elements of V are conjugate in G if and
only if they have the same modulus (as complex numbers). This shows
that any automorphism of G acts on V as multiplication by a non-zero
complex number, possibly followed by complex conjugation. It is easy
to write down automorphisms of G which induce this action, and we
deduce that the action of Aut(G)◦ on V is equivalent to the action of
C∗ on C by multiplication. The situation is now classical: the space
of lattices in C up to the action of C∗ is isomorphic to the upper half
plane modulo the action of SL2(Z), hence uncountable.
Example 2.2. Based on an example of Milovanov and Starkov [26, Ex-
ample 2.9], we construct a non-Zariski-dense lattice Γ in a unipotently
connected group G such that D(Γ, G) is uncountable.
Let A = diag(A0, A0) ∈ GL4(Z), where A0 ∈ GL2(Z) is the compan-
ion matrix of the polynomial f = x2 − 3x + 1. Observe that f splits
over R into a product of two distinct linear factors x− λ and x− λ−1,
say.
We define in GL4(R) the one-parameter subgroup
X(t) = diag(λtR(t), λ−t, λ−t) (t ∈ R).
We view A as an operator on a 4-dimensional vector space V over R
with basis v1, v2, v3, v4, say. Thus Λ = ⊕
4
j=1Zvj is an A-invariant full
Z-lattice in V . Then V decomposes into a direct sum V = V λ⊕V λ
−1
of
A-invariant 2-dimensional subspaces corresponding to the eigenvalues
of A. Choosing bases for these subspaces, we obtain a new basis for
V so that the action of A on V with respect to this basis is given
by X(1). Then Γ = Λ ⋊ X(Z) is a lattice of the simply connected,
solvable Lie group G = V ⋊X(R). Observe that the maximal nilpotent
normal subgroup of G is equal to Nil(G) = V so that G is unipotently
connected. Furthermore, the lattice Γ is not Zariski-dense in G.
In order to show that D(Γ, G) is uncountable we argue similarly as
in Example 2.1. We consider the subspace of lattice embeddings of
Γ into G which map X(1) to itself. Such embeddings are in one-to-
one correspondence with X(Z)-equivariant embeddings of Λ into V ,
or in other words with elements of the centraliser of X(Z) in GL4(R).
This centraliser is isomorphic to GL2(R)×GL2(R), preserving the sub-
spaces V λ and V λ
−1
. On the other hand we consider lattice embeddings
of Γ into G mapping X(1) to itself which are induced by automor-
phisms of G. These correspond to embeddings of Λ into V which are
X(R)-equivariant, or in other words to elements of the centraliser of
X(R) in GL4(R). They, too, preserve the subspaces V λ and V λ
−1
,
10 OLIVER BAUES AND BENJAMIN KLOPSCH
but form a strictly smaller group isomorphic to C∗ × GL2(R). Simi-
larly as in Example 2.1, we conclude that a subset of D(Γ, G) maps
onto C∗\GL2(R). The latter space is homeomorphic to the upper half
plane. Thus D(Γ, G) is uncountable.
2.2. Finite deformation spaces. In view of Theorem A it is natu-
ral to try to construct Zariski-dense lattices in unipotently connected
groups yielding deformation spaces of various finite cardinalities. We
show that deformation spaces of arbitrarily large sizes can be obtained.
Example 2.3. Let n ∈ N0. Based on examples of Auslander and
Starkov, we construct a Zariski-dense lattice Γ in a simply connected,
solvable Lie group G such that the corresponding deformation space
D(Γ, G) is finite of size (n+ 1)!.
Let A ∈ GL4(Z) be the companion matrix of the polynomial f =
x4 − 8x3 + 10x2 − 8x+ 1. It is easy to check that f splits over R into
a product of two linear factors and one irreducible quadratic factor.
Indeed, the eigenvalues of A are
λ, λ−1, α = e2piiϑ, α = e−2piiϑ,
where λ ∈ R satisfies λ > 1 and ϑ ∈ (0, 1/2) is irrational.
Let k ∈ {0, . . . , n}. We define in GL4(R) the one-parameter sub-
group
Xk(t) = diag(λ
t, λ−t, R(t(ϑ+ k)) (t ∈ R),
where we use the notation introduced in (2.1). We view A as an opera-
tor on a 4-dimensional vector space Vk over Rwith basis vk,1, vk,2, vk,3, vk,4,
say. Thus Λk = ⊕
4
j=1Zvk,j is an A-invariant full Z-lattice in Vk. Then
Vk decomposes into a direct sum Vk = V
λ
k ⊕V
λ−1
k ⊕V
α,α−1
k of A-invariant
subspaces corresponding to the eigenvalues of A. Choosing appropri-
ate bases for these subspaces, we obtain a new basis for Vk so that the
action of A on Vk with respect to this basis is given by Xk(1). Then
Γk = Λk⋊Xk(Z) is a lattice of the simply connected, solvable Lie group
Gk = Vk ⋊ Xk(R). According to [26, Example 4.1], the lattice Γk is
Zariski-dense and rigid in Gk: every lattice embedding of Γk into Gk
extends to an automorphism of Gk.
Next we define
G =
n∏
j=0
Gj and Γ =
n∏
j=0
Γj.
Clearly, Γ is a Zariski-dense lattice of the simply connected, solvable
Lie group G. Whereas the Lie groups G0, . . . , Gn are mutually non-
isomorphic, their lattices Γ0, . . . , Γn are all isomorphic to one another.
Thus we obtain an embedding
Sym(n+ 1) →֒ X(Γ, G), σ 7→ ϕσ
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as follows. Viewing the symmetric group Sym(n+1) as a permutation
group of {0, . . . , n}, acting from the right, the image ϕσ ∈ X(Γ, G) of
σ ∈ Sym(n+ 1) is defined as
ϕσ : Γ →֒ G, (gj)
n
j=0 7→ (ιjσ,j(gjσ))
n
j=0 ,
where ιjσ,j : Γjσ → Γj denotes, for each j ∈ {0, . . . , n}, the isomor-
phism determined by ιjσ,j(Xjσ(1)) = Xj(1) and ιjσ,j(v
m
jσ) = v
m
j for
m ∈ {1, 2, 3, 4}. We now claim that
(2.2) Aut(G) =
n∏
j=0
Aut(Gj)
and that
(2.3) D(Γ, G) = {[ϕσ] | σ ∈ Sym(n+ 1)},
implying that the deformation space has size (n+ 1)!, as wanted.
In order to prove (2.2), consider ψ ∈ Aut(G). We note that V =∏n
j=0 Vj = Nil(G) is mapped to itself by ψ. Furthermore, the factors
Vj in this product are characterised as the G-invariant subgroups of V
which are maximal with the property that their centralisers in G have
codimension 1. Thus they are permuted among themselves by ψ. More-
over, the action of G on each group Vj by conjugation factors through
Xj(R) and thus defines Gj . As these Lie groups are mutually non-
isomorphic, it is clear that ψ maps each Vj isomorphically onto itself.
Now fix k ∈ {0, . . . , n}. We have V Xk(R) = CG(⊕j 6=kVj) and hence
V ψ(Xk(R)) = V Xk(R). Since ψ(Xk(R)) and ψ(Xj(R)) are to commute
for any j ∈ {0, . . . , n}, we conclude that ψ(Xk(R)) ⊆ VkXk(R) = Gk
and hence ψ(Gk) = Gk. This finishes the proof of (2.2).
It remains to justify the inclusion ‘⊆’ in (2.3). Let ϕ : Γ →֒ G be
a lattice embedding, and observe that ϕ(Γ) is also Zariski-dense in G;
see Corollary 3.12. Set Λ =
∏n
j=0Λj , the Fitting subgroup of Γ. By
a theorem of Mostow [18, §5], the intersection ϕ(Γ) ∩ V is a lattice of
V ∼= R4(n+1) and thus ϕ(Γ)V/V is a lattice of G/V ∼= Rn. Since V is
the maximal nilpotent normal subgroup of G, we must have ϕ(Γ)∩V =
ϕ(Λ). Fix k ∈ {0, . . . , n}. The Zariski-closure ϕ(Λk)
z
of ϕ(Λk) in V
has dimension 4, and since the centraliser of Λk in Γ has co-rank 1, the
centraliser of ϕ(Λk)
z
in G has co-dimension 1. As observed earlier, this
implies that ϕ(Λk)
z
= Vkσ, where σ ∈ Sym(n + 1) is a permutation
of {0, . . . , n}. Arguing similarly as before, we deduce from ΛXk(Z) =
CΓ(⊕j 6=kΛj) that
V ϕ(Xk(Z))
z
= CG(⊕j 6=kϕ(Λj)
z
) = CG(⊕j 6=kVjσ) = V Xkσ(R).
Since ϕ(Xk(Z)) and ϕ(Xj(Z)) are to commute for any j ∈ {0, . . . , n},
we conclude that ϕ(Xk(Z)) ⊆ VkσXkσ(R) = Gkσ, and hence ϕ(Γk) is a
lattice in Gkσ. Since ϕ(Γk) ∼= Γkσ and since Γkσ = ϕσ−1(Γk) is rigid in
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Gkσ we find γkσ ∈ Aut(Gkσ) such that γkσ ◦ ϕ|Γk = ϕσ−1 |Γk . In view
of (2.2), this proves (2.3).
2.3. Countably infinite deformation spaces. Corollary F states
that the deformation space of a Zariski-dense lattice in a simply con-
nected, solvable Lie groupG is at most countably infinite. We construct
a Zariski-dense lattice in a non-unipotently connected group which has
an infinite deformation space. The example illustrates that the assump-
tion of unipotent connectedness of G in Theorem A is not redundant.
Lemma 2.4. There are infinitely many polynomials f ∈ Z[x] which
factorise over C as
f = (x− α)(x− α)(x− α−1)(x− α−1),
where α = λe2piiϑ with λ ∈ R>1 and ϑ ∈ (0, 1/2) irrational. We can
further arrange that the polynomials are irreducible over Q.
Proof. We consider the collection F ⊆ Z[x] of all polynomials
x4 − ax3 + bx2 − ax+ 1
with a, b ∈ N such that a, b ≡2 1 and b > max{a2/2, 2a+ 2}.
Since x4+x3+x2+x+1 is irreducible over the field F2 of cardinality 2,
we conclude that all polynomials in F are irreducible over Z, and hence
over Q.
Now consider f = x4−ax3+bx2−ax+1 ∈ F. Two short computations
show that
(i) f has no real roots, because b > a2/2.
(ii) f has no complex roots of modulus 1, because b > 2a+ 2.
Hence, f = (x−α)(x−α)(x−α−1)(x−α−1), where α = λe2piiϑ with λ ∈
R>1 and ϑ ∈ (0, 1/2). From a = α+α+α−1+α−1 = (λ+λ−1)2 cos(2πϑ)
we see that a and ϑ determine λ, and hence b. Consequently, if we fix
a, then different values for b correspond to different values for ϑ. On
the other hand, the degree of the field Q(α, α) over Q is uniformly
bounded by 8 and thus Q(α, α) contains roots of unity only up to a
certain, uniformly bounded order. Since e4piiϑ = αα−1 ∈ Q(α, α), this
means that, for fixed a, for almost all b, the resulting value for ϑ must
be irrational.
Hence, for fixed a, for almost all b the polynomial f = x4 − ax3 +
bx2 − ax+ 1 ∈ F has the required properties 
Example 2.5. We construct a Zariski-dense lattice Γ in a simply
connected, solvable Lie group G such that Γ/Fitt(Γ) is not torsion-
free. Consequently, the Lie group G is not unipotently connected; see
Lemma 5.2. We go on to show that the deformation space D(Γ, G) is
infinite.
Let A ∈ GL4(Z) with complex eigenvalues
α = λe2piiϑ, α = λe−2piiϑ, α−1 = λ−1e2piiϑ, α−1 = λ−1e−2piiϑ,
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where λ ∈ R satisfies λ > 1 and ϑ ∈ (0, 1/2) is irrational. For in-
stance, one can take the companion matrix of one of the polynomials
in Lemma 2.4.
Alternatively, one can take for A the companion matrix of the con-
crete polynomial f = x4 + 22x3 + 150x2 + 22x + 1. One checks that
A = B3 for B ∈ GL4(R) with characteristic polynomial
x4 + 4x3 + 3x2 − 2x+ 1 = (x+ 1)4 − 3(x+ 1)2 + 3.
This polynomial appears in a construction of Wilking; see [30, Exam-
ple 2.1]. He showed that the eigenvalues of B, which one computes
easily, have angular component 2πiϑ with irrational ϑ. Thus A has the
desired property.
We define in GL5(R) the one-parameter subgroups
X(t) = diag(λtR(tϑ), λ−tR(−tϑ), 1) (t ∈ R),
Y (t) = diag(2tR(t/2), 2tR(−t/2), 2t) (t ∈ R),
where we employ the notation introduced in (2.1). Clearly, X(R) and
Y (R) commute with one another.
We view A as an operator on a 4-dimensional vector space V over R
with basis v1, v2, v3, v4, say. Thus Λ = ⊕
4
i=1Zvi is an A-invariant full Z-
lattice in V . Then V decomposes into a direct sum V = Vα,α⊕Vα−1,α−1
of A-invariant planes corresponding to the eigenvalue pairs α, α and
α−1, α−1. Choosing appropriate bases for Vα,α and Vα−1,α−1, we obtain
a new basis e1, e2, e3, e4 so that, if the abelian group V is embedded
into GL5(R) via
η : V → GL5(R),
4∑
i=1
xiei 7→
(
Id x
0 1
)
,
where x = (x1, x2, x3, x4)
t, then the original action of A on V is iso-
morphic to that of X(1) on η(V ) by conjugation in GL5(R).
Now we consider the simply connected, solvable Lie group
G = η(V ).X(R)Y (R) ∼= R4 ⋊ (R× R)
and its lattice
Γ = η(Λ).X(Z)Y (Z) ∼= Z4 ⋊ (Z× Z).
It is easily seen that Z(G) = Y (2Z) and that V Y (2Z) is the maxi-
mal nilpotent normal subgroup of G. Thus Nil(G) = V and G is not
unipotently connected. Furthermore, we have
Fitt(Γ) = η(Λ).Y (2Z) ∼= Z5 and Γ/Fitt(Γ) ∼= Z× Z/2Z.
Next we prove that Γ is Zariski-dense in G. For this it suffices to
show that Γ and G have the same Zariski-closure in GL5(R). Clearly,
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η(V ) is Zariski-closed and η(Λ)
z
= η(V )
z
= η(V ). The group X(R) is
contained in the 2-dimensional real algebraic torus
T = Ts × Tc,
where
Ts = {diag(r, r, r
−1, r−1, 1) | r ∈ R∗} ∼= GL1(R),
Tc = {diag(R(r), R(−r), 1) | r ∈ R} ∼= SO2(R).
From the eigenvalues of the elements inX(Z) ⊆ X(R) we see thatX(Z)
is neither contained in a split real algebraic torus nor in a compact real
algebraic torus. This means that the algebraic closure of X(Z) is at
least 2-dimensional and hence X(Z)
z
= X(R)
z
= T . Finally, we note
that the group Y (R) is contained in the 2-dimensional real algebraic
torus
S = Ss × Sc,
where
Ss = {diag(r, r, r, r, r) | r ∈ R
∗} ∼= GL1(R) and Sc = Tc.
Again from the eigenvalues of elements in Y (R) it follows that Y (R)
z
=
S, and a small computation shows that
Y (Z)
z
= Ss × 〈diag(−1,−1,−1,−1, 1)〉.
Altogether we see that
Γ
z
= η(V )(Ts × Ss × Tc) = G
z
.
It remains to be shown that D(Γ, G) is infinite, and hence count-
ably infinite by Corollary F. The automorphism group Aut(G) acts on
G/Nil(G) = G/V as a finite group of automorphisms; see Lemma 6.9.
On the other hand
Γm = η(Λ).X(Z)Y ((2m+ 1)Z), m ∈ N,
gives a countably infinite family of lattices in G, which are distinct
modulo V and each of which is isomorphic to Γ. Thus D(Γ, G) is
infinite.
2.4. Unipotently connected groups and their lattices. The con-
struction in Example 2.5 also provides interesting examples of lattices
in unipotently connected groups. We comment on this matter just after
Lemma 5.2.
3. Algebraic hulls, density properties of lattices and
tight Lie subgroups
In this section we develop important facts about lattices in solvable
Lie groups. In particular, we introduce the algebraic hull construction,
our central tool in the study of such lattices. Most of the material is
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implicit in the works of Mostow, in particular [17, 18, 19], and Auslan-
der [1]; see also [22] and [26]. In the last part of the section we define
and parametrise tight Lie subgroups of a solvable real algebraic group.
3.1. Algebraic hulls. One of our key tools is the algebraic hull con-
struction for polycyclic groups and solvable Lie groups which is orig-
inally due to Mostow [19]. In the context of polycyclic groups, the
algebraic hull can be regarded as a generalisation of the Mal’tsev com-
pletion of a finitely generated, torsion-free nilpotent group. The con-
struction is related to the notion of semisimple splittings, which origi-
nates in the works of Mal’tsev, Wang and Auslander on solvmanifolds.
We recall some of the key features of the algebraic hull construction.
For further details see [22, Chap. IV], [2, App. A] and [3, Chap. 1].
3.1.1. Polycyclic groups. Let Γ be a polycyclic group. It is known that
CΓ(Fitt(Γ)) ⊆ Fitt(Γ); see [24, §2B]. Moreover, the following conditions
are equivalent:
• Fitt(Γ) is torsion-free;
• besides the trivial group, Γ has no finite normal subgroups.
Suppose that one of these conditions is satisfied. Then there exist a
Q-defined linear algebraic group A and an embedding ι : Γ →֒ A such
that ι(Γ) ⊆ AQ and
(i) ι(Γ) is Zariski-dense in A,
(ii) A has a strong unipotent radical, i.e., CA(Radu(A)) ⊆ Radu(A),
(iii) dimRadu(A) = rk Γ.
Moreover, the construction ι : Γ →֒ A is uniquely determined up to Q-
isomorphism of linear algebraic groups; see Corollary 3.2. We thus refer
to A, together with a possibly implicit embedding ι, as the algebraic
hull of Γ. In dealing with several groups at the same time, it will be
convenient to denote the algebraic hull of Γ by AΓ and to assume that
ι is simply the inclusion map: Γ ⊆ AΓ.
Now let k be a field of characteristic 0. Then a k-defined algebraic
hull for Γ is a k-defined linear algebraic group A together with an
embedding ι : Γ →֒ A such that ι(Γ) ⊆ Ak and satisfying conditions
(i), (ii), (iii) above. The group of k-points A = Ak, together with the
embedding ι : Γ →֒ A, is called a k-algebraic hull of Γ. In the special
case k = R, we call A the real algebraic hull of Γ. If k is an algebraic
number field with ring of integers O, then the k-defined algebraic hull
A of Γ has the additional property that
(iv) for any k-defined representation ̺ : A → GLn(C), n ∈ N, the
pre-image ι−1̺−1(GLn(O)) has finite index in Γ.
We remark that the algebraic hull AΓ of a polycyclic group Γ need
not be connected, even if Γ is poly-(infinite cyclic). For instance, if
Γ ∼= Z ⋊ Z is the fundamental group of the Klein bottle, then the real
algebraic hull of Γ is isomorphic to R2 ⋊ {1,−1}.
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The key property of the algebraic hull construction is recorded in the
following lemma.
Lemma 3.1 (Extension Lemma). Let Γ be a polycyclic group. Let k be
a field of characteristic 0, and suppose that A is a k-defined algebraic
hull for Γ. Let B be a linear algebraic k-group which has a strong
unipotent radical. Then every homomorphism ϕ : Γ→ B with Zariski-
dense image ϕ(Γ) ⊆ B extends uniquely to a k-defined morphism of
algebraic groups Φ: A→ B.
Proof. A variant of this lemma is proved in [3, Proposition 1.4]; com-
pare also [22, Lemma 4.41]. 
Corollary 3.2. Let Γ be a polycyclic group. Let k be a field of char-
acteristic 0, and suppose that A, B are k-defined algebraic hulls for Γ.
Then the identity map on Γ extends to a k-defined isomorphism of
algebraic groups Φ: A→ B.
Proof. By Lemma 3.1, the identity map on Γ extends to k-defined
morphisms of algebraic groups Φ: A → B and Ψ: B → A. Note
that Ψ ◦ Φ: A → A restricts to the identity on Γ. Since Γ is Zariski-
dense in A, we conclude that Ψ ◦ Φ = idA. Similarly, one shows that
Φ ◦ Ψ = idB. Hence Φ and Ψ are mutual inverses of each other, and
Φ: A→ B is an isomorphism, as wanted. 
3.1.2. Simply connected, solvable Lie groups. Likewise, every simply
connected, solvable Lie groupG admits an algebraic hull: there exist an
R-defined linear algebraic group A and an injective Lie homomorphism
ι : G →֒ A such that ι(G) ⊆ AR and
(i)’ ι(G) is Zariski-dense in A,
(ii)’ A has a strong unipotent radical, i.e., CA(Radu(A)) ⊆ Radu(A),
(iii)’ dimRadu(A) = dimG.
Again, the construction ι : G →֒ A is uniquely determined up to R-
isomorphism of linear algebraic groups. We thus refer to A, together
with a possibly implicit embedding ι, as the algebraic hull of G. It will
be convenient to denote the algebraic hull of G by AG and to assume
that ι is simply the inclusion map: G ⊆ AG.
We observe that AG is a connected solvable group. A result similar
to Lemma 3.1 holds for the algebraic hull AG of G. The real algebraic
group A = AR, together with the embedding ι : G →֒ A, is called the
real algebraic hull of G, and we denote it by AG.
The following result (see [2, Proposition 2.3]) states, in particular,
that G is a closed Lie subgroup in its real algebraic hull AG.
Proposition 3.3. Let G be a simply connected, solvable Lie group,
and let A = AG be its real algebraic hull. Let U denote the maximal
unipotent normal subgroup of A, and let T be a maximal reductive
subgroup of A. Then A = U ⋊ T , and we denote by Υ: A → U ,
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g = ut 7→ u the algebraic projection associated to the choice of T .
Then G is a closed normal subgroup of A and A = G ⋊ T . Moreover,
Υ restricts to a diffeomorphism Υ|G : G→ U .
3.2. Density properties of lattices. Let Γ be a lattice in a simply
connected, solvable Lie groupG. In this section we consider the Zariski-
closure of Γ in the algebraic hull of G. Subsequently, we present several
applications to Zariski-dense lattices, which are more closely linked to
their ambient Lie groups than general lattices.
3.2.1. General lattices. We start with a simple criterion for recognising
lattices in simply connected, solvable Lie groups.
Lemma 3.4. Let Γ be a discrete subgroup of a simply connected, solv-
able Lie group G. Then Γ is poly-(infinite cyclic) and rk Γ ≤ dimG.
Moreover, Γ is a lattice in G if and only if rk Γ = dimG.
Proof. The group Γ∩Nil(G) is discrete in Nil(G) and therefore a finitely
generated, torsion-free, nilpotent group. Moreover, Γ/(Γ ∩ Nil(G))
embeds into the vector group G/Nil(G) and is a finitely generated,
torsion-free, abelian group. Thus Γ is poly-(infinite cyclic). The proof
of [22, Proposition 3.7] shows that rk Γ ≤ dimG and that equality
holds if Γ is a lattice in G. Conversely, suppose that rk Γ = dimG. We
need to show that Γ is cocompact in G. For this it is enough to prove
that the cohomological dimension cdimΓ of Γ is equal to dimG; see [6,
§VIII.9.4]. This is true, because cdimΓ = rkΓ by [9, §8.8]. 
Now let Γ be a lattice in a simply connected, solvable Lie group G.
Then the inclusion G ⊆ AG of G into its algebraic hull AG restricts to
an inclusion Γ ⊆ AG.
Lemma 3.5. Let Γ be a lattice in a simply connected, solvable Lie
group G. Then Γ is Zariski-dense in the unipotent part of AG:
u(Γ
z
) = u(AG) = Radu(AG),
where Γ
z
denotes the Zariski-closure of Γ in AG.
Proof. Since AG is solvable, u(AG) = Radu(AG). Clearly, u(Γ
z
) is
contained in u(AG). One of the properties of the algebraic hull is that
dimu(AG) = dimG. Therefore, to show that u(Γ
z
) = u(AG) it suffices
to show that dimu(Γ
z
) = dimG.
Writing A = AR for the real algebraic hull of G, we have A =
U ⋊ T , where U = u(A) is the maximal unipotent normal subgroup
of A and T is a maximal reductive subgroup. The semidirect product
decomposition A = U ⋊ T induces a natural action α of A on U :
(3.1) α(g) · v = u tv = utvt−1 for g = ut ∈ U ⋊ T and v ∈ U .
By Proposition 3.3, we have A = G ⋊ T so that the action α in (3.1)
restricts to a simply transitive action of G on U . Since Γ ⊆ Γ
z
R, the
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Γ-orbit α(Γ) · 1 is contained in u(Γ
z
)R, and, in fact, the group u(Γ
z
)R
is invariant under the action of α(Γ). Since Γ acts properly discontin-
uously and freely on the contractible Lie group u(Γ
z
)R, the quotient
Γ\ u(Γ
z
)R is a compact manifold and an Eilenberg–MacLane space of
type K(Γ, 1). Since also G/Γ is a compact Eilenberg–MacLane space
of type K(Γ, 1), we deduce that dimu(Γ
z
) = dimG. 
We remark that, with some extra work, the conclusion in Lemma 3.5
can be strengthened: Γ is Zariski-dense in the real split part of AG.
Under weaker assumptions, we can formulate the following result.
Lemma 3.6. Let Γ be a discrete subgroup of a simply connected, solv-
able Lie group G. Then dimu(Γ
z
) = rk Γ, where Γ
z
denotes the
Zariski-closure of Γ in AG.
Proof. The group Γ is polycyclic. Hence a lemma of Mostow (see [22,
Lemma 4.36]) shows that dimu(̺(Γ)
z
)R ≤ rk Γ for any linear represen-
tation ̺ : Γ → GLn(R). Applying this to the inclusion Γ ⊆ AG of Γ
into the real algebraic hull AG of G, we deduce that dimu(Γ
z
)R ≤ rk Γ.
The (last part of the) proof of Lemma 3.5 shows that Γ acts prop-
erly discontinuously and freely on the contractible Lie group u(Γ
z
)R.
Therefore we have dimu(Γ
z
)R ≥ cdimΓ, where cdimΓ denotes the co-
homological dimension of Γ. By [9, §8.8] we have cdimΓ = rkΓ. Thus
dimu(Γ
z
) = dimu(Γ
z
)R = rkΓ. 
Proposition 3.7. Let Γ be a lattice in a simply connected, solvable Lie
group G. Let AΓ be an R-defined algebraic hull of Γ, and let AG be
an algebraic hull of G. Then the inclusion ϕ : Γ →֒ G ⊆ AG extends
uniquely to an R-defined embedding of algebraic groups Φ: AΓ →֒ AG,
which restricts to an isomorphism of unipotent radicals.
Proof. Considering Γ as a subgroup of AG, put H = Γ
z
, the alge-
braic closure of Γ in AG. Since Γ ⊆ (AG)R, the group H is de-
fined over R. By Lemma 3.5, the group H has unipotent radical
Radu(H) = Radu(AG). In particular,H has a strong unipotent radical.
Therefore, by Lemma 3.1, the inclusion Γ ⊆ H extends to a surjective
R-defined morphism Ψ: AΓ → H of algebraic groups. Observe that
dimRadu(AΓ) = rk Γ = dimG = dimRadu(H). Hence composing Ψ
with the inclusion H ⊆ AG yields a morphism Φ: AΓ → AG which
restricts to an isomorphism Radu(AΓ) → Radu(H) = Radu(AG) of
the unipotent radicals. The kernel K of Φ intersects Radu(AΓ) triv-
ially and hence centralises Radu(AΓ). Since AΓ has a strong unipotent
radical, we conclude that K is trivial. 
From rkΓ = dimG we deduce that AG is an algebraic hull for Γ if
and only if Γ is Zariski-dense in AG. Of course, in general this need not
be the case. For instance, Example 2.1 illustrates that the non-abelian
Lie group E˜(2)+ admits a host of abelian lattices.
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3.2.2. Zariski-dense lattices. We continue our discussion with several
applications to Zariski-dense lattices.
Lemma 3.8. Let Γ be a Zariski-dense lattice in a simply connected,
solvable Lie group G. Then
(1) [Γ,Γ] is a lattice in the Lie group [G,G];
(2) Γ ∩ [G,G] is a lattice in the Lie group [G,G];
(3) The subgroup Γ[G,G] is closed in G.
Proof. Let U be the maximal unipotent subgroup of AΓ = AG. Since
[G,G] ≤ U , it is a Zariski-closed subgroup of the real algebraic groupAΓ.
Therefore, [G,G] = [AΓ, AΓ], and each of the discrete subgroups [Γ,Γ]
and Γ ∩ [G,G] is Zariski-dense in the latter. Consequently, [Γ,Γ] and
Γ ∩ [G,G] are (cocompact) lattices in [G,G]. It particular, it follows
that the image of [G,G] in the Hausdorff space G/Γ is closed. There-
fore, Γ[G,G] is closed in G. 
Next we characterise Zariski-dense lattices in terms of algebraic hulls.
Proposition 3.9. Let Γ be a lattice in a simply connected, solvable Lie
group G. Then Γ is Zariski-dense in G if and only if Γ is Zariski-dense
subgroup of AG.
Proof. Write A = AG. Since G is simply connected, we have Ad(G) ∼=
G/Z(G). Since we are working in characteristic 0, we have Ad(A) ∼=
A/Z(A). By the algebraic hull construction, G is Zariski-dense in A.
Thus Z(G) = G∩Z(A) and Ad(G) embeds as a Zariski-dense subgroup
GZ(A)/Z(A) into A/Z(A).
Thus Γ is Zariski-dense in G if and only if Γ
z
Z(A) = A. Hence
to prove our claim it suffices to show that Z(A) ⊆ Γ
z
. Since A
has a strong unipotent radical, we have Z(A) ⊆ Radu(A). Thus by
Lemma 3.5 we have Z(A) ⊆ Γ
z
. 
The next result shows, in particular, that extensions of automor-
phisms are unique.
Proposition 3.10. Let Γ be a Zariski-dense lattice in a simply con-
nected, solvable Lie group G, and let ϕ : Γ → G. If there exists Φ ∈
Aut(G) which extends ϕ, then Φ is unique.
Proof. Assume that Φ1,Φ2 : G → G are Lie automorphisms of G such
that Φ1|Γ = ϕ = Φ2|Γ. Then by the Lie group version of Lemma 3.1
the maps Φ1,Φ2 extend to algebraic automorphisms Φ˜1, Φ˜2 ofAG which
coincide on the Zariski-dense subgroup Γ. It follows that Φ1 = Φ2. 
If Γ is a Zariski-dense lattice in a simply connected, solvable Lie
group G, then Γ is a torsion-free polycyclic group, and the next result
shows that AG (respectively AG) also constitutes an algebraic hull AΓ
(respectively real algebraic hull AΓ) of Γ.
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Corollary 3.11. Let Γ be a Zariski-dense lattice in a simply connected,
solvable Lie group G. Then the following hold.
(1) The inclusion Γ ⊆ G extends uniquely to an R-defined isomor-
phism of algebraic hulls AΓ → AG.
(2) The inclusion Γ ⊆ AΓ extends uniquely to an inclusion homo-
morphism of Lie groups G →֒ (AΓ)R and the image of G is
closed in (AΓ)R.
Proof. (1) By Proposition 3.7, the inclusion Γ ⊆ G ⊆ AG extends
uniquely to an R-defined embedding Φ: AΓ →֒ AG of algebraic groups.
Since Γ is Zariski-dense, Φ(AΓ) = AG, and Φ is a bijection. Note that
AG is an R-defined algebraic hull for Γ. Thus Corollary 3.2 implies
that Φ−1 is an R-defined morphism, showing that Φ is an R-defined
isomorphism of algebraic hulls AΓ → AG.
(2) This is a direct consequence of (1) and Proposition 3.3. 
Let Γ be a lattice in a simply connected, solvable Lie group G. Recall
that X(Γ, G) denotes the space of all lattice embeddings of Γ into G.
We now consider, temporarily, the following subspace
XZ(Γ, G) = {ϕ : Γ →֒ G | ϕ(Γ) is a Zariski-dense lattice in G}.
The next corollary shows that, if Γ can be embedded as a Zariski-dense
lattice into G at all, then XZ(Γ, G) = X(Γ, G).
Corollary 3.12. Let ϕ1, ϕ2 : Γ →֒ G be embeddings of Γ as a lattice
into a simply connected, solvable Lie group G. If ϕ1(Γ) is Zariski-dense
in G, then ϕ2(Γ) is also Zariski-dense in G.
Proof. Suppose that ϕ1(Γ) is Zariski-dense. Let Φ1,Φ2 : AΓ →֒ AG de-
note the extensions of ϕ1, ϕ2 to the level of algebraic hulls, provided by
Proposition 3.7. By Corollary 3.11, Φ1 : AΓ → AG is an isomorphism.
In particular, dimAΓ = dimAG, and this shows that the embedding
Φ2 : AΓ → AG is surjective. Since Γ is Zariski-dense in AΓ, the group
ϕ2(Γ) = Φ2(Γ) is Zariski-dense in AG. The claim follows from Propo-
sition 3.9. 
The following corollary will be used repeatedly.
Corollary 3.13. Let Γ be a Zariski-dense lattice in a simply connected,
solvable Lie group G. Suppose that ϕ1, ϕ2 ∈ X(Γ, G). Then there exists
Ψ ∈ AutR(AG) such that ϕ2 = Ψ ◦ ϕ1.
Proof. Let Φ1,Φ2 : AΓ → AG denote the extensions of ϕ1, ϕ2 to the
level of algebraic hulls; see Corollary 3.11. Since Φ1 and Φ2 are R-
defined isomorphisms of linear algebraic groups, and we may put Ψ =
Φ2 ◦ Φ
−1
1 . 
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3.3. Tight Lie subgroups. Throughout this section let A be an R-
defined connected, solvable linear algebraic group. We write A = U⋊
T, where U = Radu(A) and T is a maximal R-defined torus. We
remark that, ifA has a strong unipotent radical, thenU is the maximal
nilpotent normal subgroup of A. Let A = AR denote the associated
real algebraic group, and write A = U ⋊ T , where U = UR is the
maximal unipotent normal subgroup of A and T = TR is a maximal
reductive subgroup. We observe that [A,A] ⊆ U .
Definition 3.14. A Lie subgroup G of A is said to be tight in A if it is a
connected, closed subgroup of A and satisfies the following conditions:
(i) G is normal in A, (ii) dimG = dimU and (iii) G is Zariski-dense
in the unipotent part of A, i.e., u(G
z
) = U, where G
z
denotes the
Zariski-closure in A.
We show that the set of tight Lie subgroups of A can be parametrised
by Lie homomorphisms σ : U → T which are constant on T -orbits in
U , i.e., which satisfy [U, T ] ⊆ ker σ. (A similar result appears in [10,
Theorem 5.3].) As T is abelian, [U, U ] ⊆ ker σ, and hence the last
condition is equivalent to [A,A] ⊆ ker σ. For any such σ, we define
(3.2) Gσ = {u σ(u) | u ∈ U}
and we observe that ker σ ⊆ Gσ.
Proposition 3.15. For every Lie homomorphism σ : U → T such that
[U, T ] ⊆ ker σ the group Gσ, as defined in (3.2), is a simply connected,
tight Lie subgroup of A. Moreover, every tight Lie subgroup G of A is
of this form.
Proof. Let σ : U → T be a Lie homomorphism such that [U, T ] ⊆
ker σ, and put G = Gσ. Then [A,A] ⊆ ker σ ⊆ G, and hence G is
a normal subgroup of A. We observe that U → G, u 7→ uσ(u) is a
diffeomorphism. This shows that dimG = dimU and also that G is
simply connected, because being a unipotent real algebraic group, U is
simply connected. It remains to check that u(G
z
) = U. Since [A,A] ⊆
ker σ, we have [A,A] = [A,A]
z
⊆ G
z
. Consequently, we may assume
that A = U×T. But then uσ(u) is the Jordan decomposition for any
element of G, parametrised by u ∈ U , and consequently U = U
z
⊆ G
z
.
Conversely, suppose that G is a tight Lie subgroup of A. For each
g ∈ G, we write g = ugtg with ug ∈ U and tg ∈ T . Let V = {ug |
g ∈ G}. Since G is connected, so is its continuous image V . The fact
that G is normal in A implies that V forms a subgroup of U . Being a
connected Lie subgroup of a unipotent group, V is Zariski-closed in U .
Consequently, we have V = u(G
z
)R = U . This shows that every u ∈ U
is of the form ug, for some g ∈ G.
Observe that G acts on U via ugtg · v = ug
tgv. The G-orbit of 1
in this action is equal to V = U and thus G/(G ∩ T ) ∼= U . Since
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dimG = dimU , the map G → U , g 7→ ug is a covering map. But U
is simply connected, hence it is a diffeomorphism. We can thus define
a smooth map σ : U → T by defining σ(ug) = tg. Since G is a normal
subgroup of A, a short computation reveals that σ is both constant on
T -orbits in U and a homomorphism. 
Corollary 3.16. Every tight Lie subgroup of A is simply connected.
Next we prove a relative version of Proposition 3.15.
Proposition 3.17. Suppose that H is a tight Lie subgroup of A. Then
the collection of tight Lie subgroups of A is in one-to-one correspon-
dence with the space HomLie(H/[H,H ], T ) of Lie homomorphisms. More-
over, if G corresponds to σG|H , where σG|H ∈ HomLie(H, T ) with [H,H ] ⊆
ker σG|H , then G ∩H = ker σG|H .
Proof. According to Proposition 3.15, every tight Lie subgroup G of A
is simply connected and gives rise to a Lie homomorphism σG : U → T
with [A,A] ⊆ ker σG. In particular, this is the case for H .
The required bijection is defined as follows. Let G be a tight Lie
subgroup of A. We define a map σG|H : H → T as follows. Let h ∈ H .
Then h = uσH(u) for a unique u ∈ U . Set σG|H(h) = σH(u)
−1σG(u).
A short computation, using that σH and σG are constant on T -orbits,
shows that the map σG|H : H → T is a Lie homomorphism. Since T is
abelian, we have [H,H ] ⊆ ker σG|H , and clearly G ∩H = ker σG|H .
Conversely, starting from σ ∈ HomLie(H, T ) with [H,H ] ⊆ ker σ we
define G = {hσ(h) | h ∈ H}. A short computation shows that G is
a tight Lie subgroup of A, and that the resulting map is the desired
inverse. 
Recall that a simply connected, solvable Lie group G is called unipo-
tently connected if its maximal nilpotent normal subgroup is connected;
see Section 5.
Lemma 3.18. Let σ : U → T be a Lie homomorphism such that
[U, T ] ⊆ ker σ. Then G = Gσ, as defined in (3.2), has the following
properties:
(1) A = G⋊ T ;
(2) ker σ = G ∩ U ;
(3) G is Zariski-dense in A if and only if the group σ(U) is Zariski-
dense in T.
Assuming that G = Gσ is Zariski-dense in A and that A has a strong
unipotent radical, the group also satisfies:
(4) Nil(G) = (ker σ)◦;
(5) G is unipotently connected if and only if ker σ is connected.
Proof. By Proposition 3.15, G is a simply connected, tight Lie subgroup
of A. In particular, we have G E A. Clearly, G∩T = {1}, GT = UT =
A and hence A = G⋊ T . This proves (1).
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Since G is tight in A, we haveU ⊆ G
z
. Hence G is Zariski-dense inA
if and only if GU/U is Zariski-dense in A/U. The latter is equivalent
to σ(U) being Zariski-dense in T. This proves (3).
Put K = ker σ. Clearly, K = G ∩ U , justifying (2). Now suppose
that G is Zariski-dense in A and that A has a strong unipotent radical.
Then U is the maximal nilpotent normal subgroup of A and conse-
quently K = G ∩ U is the maximal nilpotent normal subgroup of G.
This implies Nil(G) = K◦, viz. (4), and shows that G is unipotently
connected if and only if K is connected, viz. (5). 
Lemma 3.19. Suppose that G is a connected Lie group which is con-
tained and Zariski-dense in A. Then [A,A] is contained in Nil(G). In
particular, G is normal in A.
Proof. The commutator subgroup [G,G] is connected and contained
in Nil(G). In particular, it is unipotent, and therefore Zariski-closed
in A. Since G is Zariski-dense in A, it follows that [A,A] = [G,G] ⊆
Nil(G). 
Lemma 3.20. Let G be a simply connected, solvable Lie group, and
suppose that A = AG is the real algebraic hull of G. Then G = Gσ, as
defined in (3.2), for a suitable Lie homomorphism σ : U → T such that
[U, T ] ⊆ ker σ.
Proof. By Proposition 3.15, it suffices to show that G is tight in A.
By Lemma 3.19, the group G is normal in A. By the definition of the
algebraic hull, we have dimG = dimU , and because G is Zariski-dense
in A, we surely have u(G
z
) = U. 
4. The Fitting subgroup and Mostow’s theorem
Let Γ be a lattice in a simply connected, solvable Lie group G. Con-
sider the induced inclusion of real algebraic hulls AΓ ⊆ AG. Let U
be the unipotent radical of AΓ, which by Proposition 3.7 is also the
unipotent radical of AG. Then the closure F = Fitt(Γ)
z
of the Fitting
subgroup of Γ in AΓ is a nilpotent normal subgroup of AΓ. Since AΓ
has a strong unipotent radical, we have F ≤ U . In particular, Fitt(Γ)
is a subgroup of G ∩ U = u(G). Therefore we have
Fitt(Γ) = u(Γ).
Let N = Nil(G) denote the nilradical of G. Note that N = u(G)◦ is the
identity component of u(G). Mostow’s theorem [18, §5], asserts that
Γ∩N is a lattice in N . Since Γ∩N is a nilpotent normal subgroup of
Γ, it is contained in Fitt(Γ). In the following we strengthen Mostow’s
theorem: Proposition 4.3 below shows that Fitt(Γ) is a lattice in the
closed subgroup u(G).
We fix some further notation. Let T be a maximal reductive sub-
group of AG. Then AG = U ⋊ T is an R-defined splitting of real
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algebraic groups. Let π : AG → T be the projection homomorphism
associated to this splitting. The real algebraic torus T admits a direct
decomposition T = Ts × Tc, where Ts is a subtorus split over the reals
and Tc is the maximal compact subgroup of T . In particular, Ts is a
simply connected group. Based on the decomposition of T , we write
π = πs × πc with homomorphisms πs : AG → Ts and πc : AG → Tc.
Lemma 4.1. With the notation introduced above, the following hold:
(1) π(Γ) is discrete in T , and π
s
(Γ) is discrete in T
s
,
(2) π(G) is a closed subgroup of T ,
(3) π(Γ) is a lattice in π(G), and π
s
(Γ) is a lattice in π
s
(G).
Proof. The Q-defined algebraic group AΓ admits a semidirect decom-
position AΓ = U⋊S over Q, where U = Radu(AΓ) denotes the unipo-
tent radical and S is a Q-defined maximal algebraic torus. The pro-
jection ̺ : AΓ → S associated to this decomposition is a Q-defined
homomorphism of algebraic groups. Fix a Q-defined embedding of
S into a general linear group GLn. Then the arithmetic subgroup
S(Z) = S ∩ GLn(Z) is a discrete subgroup of S = SR. By the addi-
tional property (iv) of the algebraic hull AΓ, the group Γ ∩ ̺
−1(S(Z))
is of finite index in Γ. Consequently, ̺(Γ) is discrete in S. Since
AΓ ≤ AG, the real algebraic torus S identifies with a subtorus of T
and ̺(Γ) with π(Γ). Therefore, π(Γ) is discrete in T . Furthermore,
since Tc is compact, πs(Γ), i.e., the image of π(Γ) in Ts, is discrete
in Ts. Thus (1) holds.
Being the continuous image of the compact space G/Γ in the Haus-
dorff space T/π(Γ), the group π(G)/π(Γ) is closed in T/π(Γ). Hence
its pre-image π(G) under the map T → T/π(Γ) is closed in T , and (2)
holds.
Since π(G)/π(Γ) is the continuous image of the compact space G/Γ,
the group π(Γ) is cocompact in π(G). Similarly, πs(Γ) is cocompact
in πs(G). In view of (1), we deduce that (3) holds. 
We continue to use the notation set up before Lemma 4.1. By Lemma
3.20, there exists a Lie homomorphism σ : U → T such that every g ∈ G
can be expressed as g = uσ(u), in accordance with the decomposition
AG = U ⋊ T . We observe that π(g) = σ(u) for all g ∈ G. Similarly
as for π, we may decompose σ = σs × σc into Lie homomorphisms
σs : U → Ts and σc : U → Tc.
Lemma 4.2. With the notation introduced above, we have
u(G)
z
= ker σ
s
,
where u(G)
z
denotes the Zariski-closure of u(G) in AG.
Furthermore, u(G)
z
is a simply connected, nilpotent Lie group.
Proof. Clearly, u(G) = U ∩G = ker σ. Since σs : U → Ts is a Lie homo-
morphism of simply connected groups, ker σs is a connected subgroup
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of U , thus it is simply connected and Zariski-closed. Observe further
that
ker σs/ u(G) ∼= σc(ker σs) = π(G) ∩ Tc .
By (2) of Lemma 4.1, this implies that ker σs/ u(G) is compact. Being
a cocompact subgroup of the unipotent real algebraic group ker σs, the
group u(G) is Zariski-dense in ker σs. 
Proposition 4.3. Let Γ be a lattice in a simply connected, solvable Lie
group G. Then, taking Zariski-closures in AΓ, the following hold:
(1) Fitt(Γ) = Γ ∩ u(G)
z
is a lattice in u(G)
z
,
(2) Fitt(Γ)
z
= u(G)
z
,
(3) Fitt(Γ) is a lattice in u(G).
Proof. By (3) of Lemma 4.1, the group Γ(ker πs ∩ G) is closed in G.
Hence, by [22, Theorem 1.13], the group ker πs ∩ Γ is a lattice in the
simply connected group ker πs ∩ G. For g = uσ(u) ∈ G we have g ∈
ker πs if and only if u ∈ ker σs. Thus we deduce from Lemma 3.4 and
Lemma 4.2 that
rk(ker πs ∩ Γ) = dim(ker πs ∩G) = dim(ker(σs)) = dim(u(G)
z
).
Observe further that π(ker πs ∩ Γ) = π(Γ) ∩ Tc is finite, since π(Γ) is
discrete in T , by Lemma 4.1. Therefore, Fitt(Γ) = u(Γ) = ker π ∩ Γ is
of finite index in ker πs ∩ Γ. This implies that
rk Fitt(Γ) = rk(ker πs ∩ Γ) = dim(u(G)
z
).
As Fitt(Γ) = u(Γ) ⊆ u(G)
z
, the Fitting subgroup Fitt(Γ) is a dis-
crete subgroup of the simply connected, nilpotent group u(G)
z
; see
Lemma 4.2. Hence Lemma 3.4 shows that Fitt(Γ) is a lattice in u(G)
z
,
giving (1) and (2). The proof of Lemma 4.2 showed that u(G) is co-
compact in u(G)
z
, implying (3). 
5. Unipotently connected groups
Let G be a simply connected, solvable Lie group with algebraic
hull AG. As AG is solvable, we have Radu(AG) = u(AG).
Definition 5.1. The Lie group G is called unipotently connected, if the
closed subgroup u(G) = G ∩ Radu(AG) of G is connected.
Since AG has a strong unipotent radical, u(G) is in fact the maximal
nilpotent normal subgroup (the discrete nilradical) of G. Therefore,
equivalently, G is unipotently connected if and only if u(G) = Nil(G).
This shows that the class of unipotently connected groups coincides
with the class of groups (A) introduced by Starkov; see [26, Proposi-
tion 1.12]. Groups of type (A) are defined in terms the eigenvalues of
the adjoint representation.
The following lemma shows that the group theoretic structure of
lattices in unipotently connected groups is slightly restricted.
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Lemma 5.2. Let G be a simply connected, solvable Lie group which
is unipotently connected. Then for every lattice Γ in G the Fitting
quotient Γ/Fitt(Γ) is torsion-free.
Proof. In fact, Fitt(Γ) = Γ ∩ u(G), see the beginning of Section 4.
Since G is unipotently connected, Fitt(Γ) = Γ ∩ Nil(G), and therefore
Γ/Fitt(Γ) embeds into the abelian vector group V = G/Nil(G). 
This provides a genuine restriction. For instance, using the notation
of Example 2.1, the lattice Γ = (Z + Zi).X(Z[1
2
]) of the simply con-
nected group G = V.X(R) ∼= E˜(2)+ has Fitting quotient Γ/Fitt(Γ) ∼=
Z/2Z. We also remark that as a side product of the construction given
in Example 2.5 we obtain the following. In the notation used there,
the Zariski-dense lattice ∆ = η(Λ)X(Z)Y (2Z) of the Lie group G is
not unipotently connected, despite ∆/Fitt(∆) being torsion-free. Such
examples can also be constructed in an easier fashion, starting from the
example of Auslander used in Example 2.3.
Proposition 5.3. Let Γ be a lattice in a simply connected, solvable Lie
group G. Then Γ has a finite index subgroup which embeds as a Zariski-
dense lattice into a simply connected, solvable Lie group H which, in
addition, is unipotently connected.
Proof. In fact, Γ has a finite index subgroup ∆ such that ∆/Fitt(∆) is
torsion-free and ∆ ≤ (A∆)◦ is contained in the identity component of its
real algebraic hull. The claim follows by a simple construction which is
exhibited in [1, Chap. III §7, p. 250–251]. See also [10, Proposition 4.1],
or [3, Chap. 1, Proposition 1.15] for special cases. 
From Proposition 4.3 we derive the following corollary.
Corollary 5.4. Let G be a simply connected, solvable Lie group, and
let Γ be a lattice in G. Then the following conditions are equivalent:
(1) G is unipotently connected,
(2) rk Fitt(Γ) = dimNil(G),
(3) Fitt(Γ)
z
= Nil(G), where the Zariski-closure is taken in AΓ,
(4) Fitt(Γ) is a lattice in Nil(G).
Proof. By definition, the group G is unipotently connected if and only
if u(G) = Nil(G)(= u(G)◦). Observe that u(G)/ u(G)◦ is a discrete
subgroup of the vector group G/Nil(G), since u(G) is a closed subgroup
of G. Therefore u(G)/ u(G)◦ is finitely generated (and abelian) of rank
dimu(G)
z
− dimu(G)◦. By Proposition 4.3, the group Fitt(Γ) is a
lattice in u(G), which implies that
rk Fitt(Γ) = dimu(G)◦ + rk(u(G)/ u(G)◦)
= dimNil(G) + rk(u(G)/ u(G)◦).
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Since rk(u(G)/ u(G)◦) = 0 if and only if u(G) = u(G)◦, this shows that
(1) and (2) are equivalent.
Writing F = Fitt(Γ)
z
, part (2) of Proposition 4.3 states that F =
u(G)
z
. Therefore, if G is unipotently connected, F = u(G) = Nil(G).
Hence, (1) implies (3). Proposition 4.3 shows that (3) implies (4).
Finally, Lemma 3.4 yields that (4) implies (2). 
6. Description of the space G(Γ)
Throughout this section, let Γ be a torsion-free polycyclic group and
suppose that its algebraic hullA = AΓ is connected. WriteA = U⋊T,
whereU = Radu(A) andT is a maximal R-defined torus. Put A = AR,
U = UR and T = TR. Then A = U ⋊ T .
Recalling from Section 3.3, in particular Definition 3.14, the notion
of a tight subgroup, we investigate the set
(6.1) G(Γ) = {G | G a tight Lie subgroup of A with Γ ⊆ G}.
Our interest in G(Γ) is founded on Proposition 8.11, which will show
that G(Γ) captures all possible embeddings of Γ as a Zariski-dense lat-
tice into simply connected, solvable Lie groups. The following discus-
sion, in particular (6.2), already provides an indication of the relevance
of G(Γ).
We remark that any connected Lie subgroup G of A containing Γ is
Zariski-dense in A, because Γ is Zariski-dense in A, and it is normal in
A by Lemma 3.19. Since dimU = rkΓ, this shows that
G(Γ) = {G | G a connected, closed Lie subgroup of A
such that Γ ⊆ G and dimG = rkΓ}.
Throughout this section we suppose that G(Γ) is not empty.
Lemma 6.1. Let G ∈ G(Γ). Then A is an algebraic hull of G, and Γ
is a Zariski-dense lattice in G.
Proof. Clearly, Γ is a discrete subgroup of G. From Lemma 3.4 and
rk Γ = dimG we deduce that Γ is a lattice in G. Since Γ is Zariski-
dense in A, so is G. Hence A = AG and Γ is Zariski-dense in G by
Proposition 3.9. 
Lemma 6.1 and Corollary 3.16 show that
(6.2) G(Γ) = {G | G a simply connected, solvable Lie subgroup
of A such that Γ is a Zariski-dense lattice in G}.
Proposition 6.2. Let H ∈ G(Γ). Then there is a bijection
G(Γ)→ HomLie(H/Γ[H,H ], T ).
In particular, G(Γ) is either equal to {H} or it is countably infinite.
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Proof. Clearly, we may assume that H is not trivial. Proposition 3.17
implies that there is a bijection from G(Γ) onto HomLie(H/Γ[H,H ], T ),
because Γ ⊆ G ∩ H ⊆ ker σG|H for every G ∈ G(Γ). Now H/Γ[H,H ]
is a compact torus. In fact, H/Γ[H,H ] is Hausdorff, since Zariski-
denseness of Γ implies that Γ[H,H ] is closed in H ; see Lemma 3.8.
Since H/Γ is compact, so is H/Γ[H,H ]. Moreover, the latter quotient
has dimension d, where d = dimH − dim[H,H ] > 0. Let Tc be the
maximal compact subtorus of T , and t = dimTc. Then, since the group
HomLie(H/Γ[H,H ], T ) is isomorphic to Hom(Zd,Zt) it is either a point
(t = 0) or countably infinite. 
Corollary 6.3. Let H ∈ G(Γ). Then the Lie group H is of real type if
and only if G(Γ) = {H}.
Proof. According to Proposition 6.2, we have G(Γ) = {H} if and only if
the compact part Tc of the connected torus T is trivial. This is the case
if and only if the algebraic group T is R-split. Observe that H is of real
type if and only if there is a maximal torus in the Zariski-closure of its
adjoint image which is R-split. Since this Zariski-closure coincides with
the adjoint image of A (compare also the proof of Proposition 3.9), this
is the case if and only if T is R-split. 
We fix some further notation. Let F = Fitt(Γ)
z
denote the Zariski-
closure of Fitt(Γ) in A = AΓ, and let F = FR = A ∩ F. Since F is
a nilpotent normal subgroup of A and since A has a strong unipotent
radical, we have F ⊆ U and accordingly F ⊆ U .
Proposition 6.4. Let G,H ∈ G(Γ), and suppose that G is unipotently
connected. Then Nil(H) ⊆ Nil(G).
Proof. From Proposition 4.3 and Corollary 5.4 we deduce that Nil(H) ⊆
u(H) ⊆ F = Nil(G). 
Next we adapt the description in Proposition 6.2 to unipotently con-
nected groups. For this purpose we consider the subset
Guc(Γ) = {G ∈ G(Γ) | G unipotently connected}
of all unipotently connected groups in G(Γ).
We assume in the following that Guc(Γ) 6= ∅. This condition puts
further restrictions on Γ, but can always be met by passing to a finite
index subgroup; see Proposition 5.3.
Proposition 6.5. Let H ∈ Guc(Γ), and set N = Nil(H). Then the
bijection G(Γ)→ HomLie(H/Γ[H,H ], T ) established in Proposition 6.2
induces a bijection
G
uc(Γ)→ HomLie(H/ΓN, T ).
In particular, if H is not of real type then Guc(Γ) is countably infinite.
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Proof. The proof is similar to the proof of Proposition 6.2: one simply
replaces [H,H ] by N . This is justified by the observation that G ∈
G(Γ) is unipotently connected if and only if Nil(G) = F = Nil(H),
by Corollary 5.4. The latter is the case if and only if σG|H : H → T
vanishes on F = Nil(H). 
If H is of real type then, by the above, G(Γ) = Guc(Γ) = {H}.
Otherwise we have the following result.
Proposition 6.6. Let H ∈ Guc(Γ), and assume H is not of real type.
Then the following assertions are equivalent:
(1) G(Γ) = Guc(Γ),
(2) Nil(H) = [H,H ],
(3) [Γ,Γ] has finite index in Fitt(Γ).
Proof. The assumption that H is not of real type implies that Tc is not
trivial. Hence HomLie(H/Γ[H,H ], T ) = HomLie(H/ΓNil(H), T ) if and
only if Nil(H) = [H,H ]. Thus Propositions 6.2 and 6.5 show that (1)
and (2) are equivalent.
By Lemma 3.8, the group [Γ,Γ] is a lattice in [H,H ], and, by Corol-
lary 5.4, the group Fitt(Γ) is a lattice in Nil(H). Moreover, [H,H ]
and Nil(H) are simply connected. Since [Γ,Γ] ⊆ Fitt(Γ) and [H,H ] ⊆
Nil(H), Lemma 3.4 shows that (2) is equivalent to (3). 
We obtain an interesting class of polycyclic groups which admit
Zariski-dense embeddings exclusively into simply connected, solvable
Lie groups which are unipotently connected.
Corollary 6.7. Let ∆ be a torsion-free polycyclic group satisfying the
following conditions:
(1) ∆ ⊆ (A∆)◦, i.e., ∆ is contained in the identity component of
its real algebraic hull,
(2) ∆/Fitt(∆) is torsion-free,
(3) [∆,∆] is of finite index in Fitt(∆).
Then G(∆) = Guc(∆) 6= ∅.
Proof. The proof of Proposition 5.3, shows that Guc(∆) 6= ∅, and the
claim follows from Proposition 6.6. 
Recall that the group of Lie automorphisms Aut(H) of a simply con-
nected Lie group H is isomorphic to the real algebraic group Aut(h),
where h is the real Lie algebra associated to H . Let H be simply
connected solvable. Then every automorphism ϕ ∈ Aut(H) extends
uniquely to an R-defined automorphism Φ ∈ AutR(AH) of the R-
defined algebraic group AH .
Define
Aut(H)1 = ker (Aut(H) −→ Aut(H/Nil(H)) ) .
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Proposition 6.8. Let G,H ∈ G(Γ), and suppose that G is unipotently
connected. Let ϕ ∈ Aut(H)1 and let Φ ∈ AutR(A) be its extension.
Then Φ(G) = G.
Proof. Since H and G are normal in A, their nilpotent radicals Nil(H)
and Nil(G) are normal in A. Note that we have Nil(H) ⊆ Nil(G) = F
by Corollary 5.4, where F is the Zariski-closure of Fitt(Γ) in A. Clearly,
Φ(Nil(H)) = Nil(H) and, since H is Zariski-dense in A, we deduce that
the induced automorphism Φ|A/Nil(H) satisfies Φ|A/Nil(H) = idA/Nil(H).
Furthermore, Nil(H) ⊆ F implies that Φ(F ) = F and that the induced
automorphism Φ|A/F satisfies Φ|A/F = idA/F . Thus we have Φ(G) ⊆
GF = G. 
Lemma 6.9. Let H be a simply connected solvable Lie group. Then
Aut(H)◦ ≤ Aut(H)1.
Proof. The Lie algebra corresponding to Aut(H)◦ is isomorphic to the
derivation algebra Der(h) of the Lie algebra h associated to H . It is
known that the solvable Lie algebra h is mapped into its nilradical
by every derivation of h; see [12, §II.7]. Thus Aut(H)◦ acts trivially
on H/Nil(H). 
Under the assumptions of Proposition 6.8 we obtain a natural homo-
morphism Aut(H)◦ → Aut(G)◦. Since G is Zariski-dense this homo-
morphism is injective. The following corollary records that the groups
contained in Guc(Γ) are very similar.
Corollary 6.10. Let G,H ∈ Guc(Γ). Then there exists a natural iso-
morphism Aut(H)◦ → Aut(G)◦.
7. Description of the space GΓ,G
We keep in place the notational conventions of Section 6. In particu-
lar, Γ is a torsion-free polycyclic group whose algebraic hull A = AΓ is
connected, and A = AR denotes the group of real points. Throughout
we suppose that G(Γ) 6= ∅.
In addition, we fix G ∈ G(Γ) and define
GΓ,G =
⋃
{G(∆) | ∆ ⊆ G a lattice with ∆ ∼= Γ} .
This collection of Lie subgroups of A relates to the space X(Γ, G) via
the map
(7.1) X(Γ, G)→ GΓ,G, ϕ 7→ Φ(G),
where Φ ∈ AutR(A) is the unique extension of ϕ; see Corollary 3.2.
We note that Φ(G) ∈ G(∆), where ∆ = ϕ(Γ).
Natural actions of Aut(G) on X(Γ, G) and on GΓ,G are given by
ϑ · ϕ = ϑ ◦ ϕ and ϑ ·H = Θ(H),
LATTICES IN SOLVABLE LIE GROUPS 31
where ϑ ∈ Aut(G) with unique extension Θ ∈ AutR(A), ϕ ∈ X(Γ, G)
and H ∈ GΓ,G. The map (7.1) is Aut(G)-equivariant with respect to
these actions.
By Lemma 6.9, Aut(G)1 = ker (Aut(G)→ Aut(G/Nil(G)) ) is of
finite index in Aut(G) and define
c(G) = |Aut(G) : Aut(G)1|.
Proposition 7.1. Suppose that G is unipotently connected. Then
(1) Aut(G)1 acts trivially on the image G˜Γ,G of the map (7.1).
(2) the fibres of the induced map
(7.2) Aut(G)1\X(Γ, G)→ GΓ,G, [ϕ]Aut(G)1 7→ Φ(G) .
are finite and bounded in size by c(G).
Proof. Let H = Φ(G) be in the image of the map (7.1), where Φ is
the extension of ϕ : Γ → G. Since G is unipotently connected, so
is H . Let Θ ∈ AutR(A) be the extension of ϑ ∈ Aut(G)
1. Both G
and H are elements of G(ϕ(Γ)), and H is unipotently connected. Thus
Proposition 6.8 implies that ϑ ·H = Θ(H) = H , showing (1).
Observe next that composition of maps provides a natural action of
Aut(H) on the set
{ϕ : Γ →֒ H | ϕ(Γ) a lattice in H and Φ(G) = H},
where as before Φ ∈ AutR(A) denotes the unique extension of ϕ. This
action is transitive: given ϕ, ψ : Γ→ H with extensions Φ,Ψ such that
Φ(G) = Ψ(G) = H , the map Φ ◦ Ψ−1 restricts to an automorphism
ϑ ∈ Aut(H) such that ϕ = ϑ ◦ψ. Furthermore, if ϕ, ψ ∈ X(Γ, G), then
G,H ∈ Guc(ϕ(Γ)) and hence Proposition 6.8 shows that, if ϕ and ψ lie
in the same Aut(H)1-orbit, then [ϕ]Aut(G)1 = [ψ]Aut(G)1 . Therefore each
fibre of the map (7.2) has size bounded by c(H). 
The following consequence is a key ingredient in the proof of our
main result Theorem A.
Corollary 7.2. Let G be a simply connected, solvable Lie group which
is unipotently connected. Let Γ be a Zariski-dense lattice in G. Then
the map
(7.3) Aut(G)\X(Γ, G)→ Aut(G)\GΓ,G, [ϕ] 7→ [Φ(G)] ,
induced by (7.1), has finite fibres, bounded in size by c(G).
Proof. As an immediate consequence of Proposition 7.1 and the fact
the the map (7.1) is Aut(G)-equivariant we obtain that the fibres of
the map (7.3) are bounded in size by c(G). 
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8. Proofs of Theorem A, Theorem E and their
corollaries
In this section we prove all the results from Theorem A up to Corol-
lary H, which were stated in the introduction. The proofs of Theorem I
and its Corollary J are given in Section 9.
8.1. Proof of Theorem A. Throughout, let Γ be a Zariski-dense
lattice in a simply connected, solvable Lie group G. We fix an algebraic
hull A = AΓ of Γ such that Γ ⊆ G ⊆ A and, in this construction, A is
also an algebraic hull for G; see Corollary 3.11. Thus A is connected
and we write A = U ⋊ T, where U = Radu(A) and the maximal
algebraic torus T are defined over R. Put A = AR, U = UR and
T = TR. Since T = A/U, there is a natural induced action of AutR(A)
on T. Let
AutR(A)
1 = ker (AutR(A) −→ AutR(T) )
be the kernel of the resulting map. Put
c(A) = |AutR(A) : AutR(A)
1|
for the index of AutR(A)
1. By the rigidity of algebraic tori (see [5,
III.8]), the identity component AutR(A)
◦ is contained in AutR(A)
1.
Therefore c(A) is finite and bounded by the number of connected com-
ponents of the real algebraic group AutR(A).
We also consider the sets
UΓ = {∆U | ∆ a Zariski-dense subgroup of A isomorphic to Γ},
NΓ,G = {∆Nil(G) | ∆ a lattice in G isomorphic to Γ}.
Lemma 8.1. The set UΓ has finite size, bounded by c(A).
Proof. Let ∆ be a Zariski-dense subgroup of A isomorphic to Γ, and
choose an isomorphism ϕ : Γ→ ∆. Note that A is also a real algebraic
hull for ∆. By the uniqueness of algebraic hulls, ϕ extends to an R-
defined algebraic automorphism Φ: A→ A so that Φ(Γ) = ∆.
Every automorphism Φ ∈ AutR(A) induces an automorphism of the
R-defined torus A/U ∼= T. Hence, if Φ,Ψ ∈ AutR(A) belong to the
same coset of AutR(A)
1, then Φ(Γ)U = Ψ(Γ)U . Hence |UΓ| ≤ c(A).

According to Proposition 3.9 and Corollary 3.12, every lattice ∆ in
G with ∆ ∼= Γ is Zariski-dense in A. Since Nil(G) ⊆ U , we obtain a
map
(8.1) NΓ,G → UΓ, ∆Nil(G) 7→ ∆U.
Lemma 8.2. If G is unipotently connected, then the map (8.1) embeds
NΓ,G into UΓ. In particular, NΓ,G has finite size, bounded by c(A).
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Proof. The projection A → T associated to the decomposition A =
U⋊T restricts to a homomorphism τ : G→ T with Nil(G) ⊆ ker τ . If
G is unipotently connected, then ker τ = Nil(G) by Lemma 3.18, and
hence the induced homomorphism
G/Nil(G)→ T ∼= A/U
is injective. Therefore, the map (8.1) is injective, and Lemma 8.1 can
be applied. 
Lemma 8.3. If G is unipotently connected, then c(G) ≤ c(A).
Proof. Since the homomorphism G/Nil(G) → T ∼= A/U is injective
and has Zariski-dense image extension of automorphisms
Aut(G)/Aut(G)1 −→ Aut(A)/Aut(A)1
is well defined and an injective map. 
We reformulate these results in a slightly different way. Recall that
every lattice ∆ in G maps to a lattice ∆Nil(G)/Nil(G) in the vector
group V = G/Nil(G). Two lattices in V are called commensurable
if they have a common finite index subgroup. Equivalently, they are
commensurable if and only if they span the same Q-vector space in V .
Corollary 8.4. Let V = G/Nil(G) and let η : G → V denote the
natural projection. Let π : A → T denote the projection associated to
the decomposition A = U⋊T. Then the following hold.
(1) Let ∆1,∆2 be lattices in G which are isomorphic to Γ. Then
their images η(∆1), η(∆2) in V are commensurable if their im-
ages π(∆1), π(∆2) in T are equal.
(2) The set VΓ,G = {η(∆) ≤ V | ∆ ⊆ G a lattice with ∆ ∼= Γ} falls
into finitely many commensurability classes; in particular, it is
countable.
(3) If G is unipotently connected, then the set VΓ,G is finite.
Proof. Let ∆ be a lattice in G which is isomorphic to Γ. Proposition 4.3
shows that Fitt(∆) is cocompact in u(G), hence η(Fitt(∆)) and η(u(G))
are commensurable subgroups of V . Therefore η(∆) and η(∆u(G)) are
commensurable. Since u(G) = G ∩ ker π, this implies (1).
By Lemma 8.1, the set {π(∆) | ∆ ⊆ G a lattice with ∆ ∼= Γ} which
naturally embeds into UΓ is finite. Therefore, by (1), the set VΓ,G
consists of finitely many commensurability classes. Hence (2) holds.
Clearly, the set VΓ,G admits a one-to-one correspondence to the
set NΓ,G. Thus (3) is a direct consequence of Lemma 8.2. 
Next we consider the set
G˜Γ,G = {Φ(G) | Φ ∈ AutR(A) such that Φ(Γ) ⊆ G}
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of subgroups of A, viz. the image of the map described in (7.1). We
are also interested in its subset
G˜NilΓ,G = {H ∈ G˜Γ,G | Nil(H) = Nil(G)} .
Proposition 8.5. If G is unipotently connected, then G˜NilΓ,G is finite,
bounded in size by c(A)2.
Proof. Suppose that G is unipotently connected. By Corollary 5.4,
the groups Fitt(Γ) and Nil(G) have the same Zariski-closure F =
Fitt(Γ)
z
= Nil(G)
z
in A, and F = FR = Nil(G). By Lemma 8.2
the set NΓ,G is finite, of size bounded by c(A). Hence it suffices to
show that the set
(8.2) {Φ(G) | Φ ∈ AutR(A) such that Φ(ΓF ) = ΓF and Φ(F ) = F}
is finite, of size bounded by c(A).
The collection of all Φ ∈ AutR(A) with Φ(ΓF ) = ΓF and Φ(F ) = F
forms a subgroup AutR(A,ΓF ) of AutR(A). Let Φ ∈ AutR(A,ΓF ) ∩
AutR(A)
1. Then Φ induces the identity morphism on A/U. We ob-
serve that
ΓU/U ∼= Γ/(Γ ∩ U) = Γ/Fitt(Γ) = Γ/(Γ ∩ F ) ∼= ΓF/F
and that this chain is Φ-equivariant. Since Φ acts trivially on ΓU/U ⊆
A/U , it acts trivially on ΓF/F . Since Γ is Zariski-dense in A, this
shows that Φ induces the identity morphism on A/F. We infer that
Φ(G) ⊆ GF = G. This shows that the set (8.2) is finite and bounded
in size by c(A). 
Lemma 8.6. If G is unipotently connected, then G˜NilΓ,G = G˜Γ,G.
Proof. Suppose that G is unipotently connected. We need to show that
G˜NilΓ,G ⊇ G˜Γ,G. Let H ∈ G˜Γ,G. Then H = Φ(G) for Φ ∈ AutR(A) such
that ∆ = Φ(Γ) is a lattice in G and in H . Recall that A is an algebraic
hull of G. Thus A is an algebraic hull also of ∆ and of H . We observe
that Φ(G∩U) = H∩U . Since G is unipotently connected, so isH . Thus
Proposition 6.4, applied to G,H ∈ G(∆), yields Nil(H) = Nil(G). 
From Proposition 8.5 and Lemma 8.6 we deduce the following.
Corollary 8.7. If G is unipotently connected, then G˜Γ,G is finite, and
bounded in size by c(A)2.
Proof of Theorem A. By Corollary 7.2, the natural map (7.2) from
Aut(G)1\X(Γ, G) onto G˜Γ,G has finite fibres, bounded in size by c(G).
By Corollary 8.7, the image of (7.2) has at most c(A)2 elements. Hence,
Aut(G)1\X(Γ, G) and therefore also its quotient Aut(G)\X(Γ, G) have
at most c(A)2c(G) elements. 
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Proposition 8.8. The constants c(G) and c(A) are bounded by a con-
stant which depends only on dimNil(G).
Proof. By Lemma 8.3, c(G) ≤ c(A). By definition, c(A) is the cardi-
nality of a finite subgroup of the algebraic automorphism group of a
maximal torus T in A. The algebraic automorphism group of T is iso-
morphic to the group of integral matrices GL(n,Z), where n = dimT ,
see [5, Chapter III.8]. The cardinality of a finite subgroup in GL(n,Z)
is bounded by a constant depending on n only, as is known classi-
cally [16]. Observe further that T admits a faithful representation on
the complexification of the Lie algebra of the nilradical of G. Therefore,
n = dimT can be bounded in terms of dimNil(G). 
8.2. Proofs of Corollaries B, C and D. Throughout, let Γ be a
torsion-free polycyclic group with algebraic hull A = AΓ. The Fitting
subgroup Fitt(Γ) is a characteristic subgroup of the polycyclic group Γ.
We set
Aut◦(Γ) = CAut(Γ)(Γ/Fitt(Γ)),
i.e., Aut◦(Γ) is the group of all automorphisms of Γ which induce the
identity on the Fitting quotient Γ/Fitt(Γ).
Lemma 8.9. Let Γ be a lattice in a simply connected, solvable Lie
group G. Then the group Aut◦(Γ) has finite index in Aut(Γ).
Proof. Since every ϕ ∈ Aut(Γ) extends to an automorphism Φ ∈
AutR(A), we obtain an embedding Aut(Γ) →֒ AutR(A). Since |AutR(A) :
AutR(A)
◦| <∞, it will be enough to show that
Aut◦(Γ) ⊇ {ϕ ∈ Aut(Γ) | Φ ∈ AutR(A)
◦}.
Let ϕ ∈ Aut(Γ) with extension Φ ∈ AutR(A)
◦. By the rigidity of
tori, Φ induces the identity on A/U, and by Proposition 4.3 we have
Fitt(Γ) = Γ ∩U. Hence ϕ induces the identity on Γ/Fitt(Γ).
Alternatively, the claim can be derived as follows. Let Inn(Γ) denote
the group of inner automorphisms of Γ. By [4, Theorem 1.3], the group
Inn(Γ)Aut◦(Γ) is of finite index in Aut(Γ), for any polycyclic group Γ.
Now since Γ is a lattice in G, we deduce that [Γ,Γ] ≤ Γ ∩ [G,G] ≤
Γ∩Nil(G) ≤ Fitt(Γ). This implies Inn(Γ) is contained in Aut◦(Γ). 
Lemma 8.10. Every ϕ ∈ Aut◦(Γ) extends uniquely to a Q-defined
automorphism Φ of the algebraic group A, and this extension satisfies
ΦA/F = idA/F, where F = Fitt(Γ)
z
is the Zariski-closure in A.
Proof. Let ϕ ∈ Aut◦(Γ). Since A is an algebraic hull of Γ, there is a
unique extension Φ ∈ Aut(A) which is Q-defined. Consider the natural
projection A → A/F. Since Γ is Zariski-dense in A, its image ΓF/F
is Zariski-dense in A/F. Clearly, we have Fitt(Γ) = Γ ∩ F. Since
ϕ ∈ Aut◦(Γ), this implies that ΦA/F acts as the identity on ΓF/F and
hence ΦA/F = idA/F. 
36 OLIVER BAUES AND BENJAMIN KLOPSCH
Proof of Corollary B. Let Γ be a Zariski-dense lattice in G, where G is
unipotently connected. We claim that every ϕ ∈ Aut◦(Γ) extends to
an automorphism of G.
Let ϕ ∈ Aut◦(Γ). By Corollary 3.11 we may assume that G is
contained in A. By Lemma 8.10, the extension Φ ∈ AutR(A) induces
the identity on A/F, where F = Fitt(Γ)
z
. Since G is unipotently
connected, we have FR = Nil(G) according to Corollary 5.4. This
implies that Φ induces the identity on A/Nil(G)
z
. Therefore, we have
Φ(G) ⊆ GNil(G) = G. 
As explained in the introduction, Corollaries C and D are direct
consequences of Corollary B, Proposition 5.3 and Proposition 6.6.
8.3. One-to-one correspondence between SZ(Γ) and G(Γ). Let Γ
be a Zariski-dense lattice in a simply connected, solvable Lie group.
Recall from the introduction that the structure set SZ(Γ) consists of
equivalence classes [ϕ]SZ(Γ) of embeddings
ϕ : Γ →֒ Gϕ
of Γ as a Zariski-dense lattice into simply connected, solvable Lie
groups. Two embeddings ϕ : Γ →֒ Gϕ and ψ : Γ →֒ Gψ represent the
same element in SZ(Γ), if there exists an isomorphism of Lie groups
ϑ : Gϕ → Gψ such that ϑ ◦ ϕ = ψ.
By Corollary 3.11, every ϕ : Γ →֒ Gϕ as above admits a unique
extension Φ: AΓ → AGϕ to the level of algebraic hulls, yielding an
isomorphism of algebraic groups. It is easy to verify that this yields a
map ϕ 7→ Φ−1(Gϕ) into G(Γ) which is constant on equivalence classes
[ϕ]SZ(Γ). Thus we obtain the following structure map for Zariski-dense
lattice embeddings of Γ:
ε : SZ(Γ)→ G(Γ), [ϕ]SZ(Γ) 7→ Φ
−1(Gϕ) .
Let G be a simply connected, solvable Lie group which contains
Γ as a Zariski-dense lattice. Then the deformation space D(Γ, G) =
Aut(G)\X(Γ, G) admits a natural embedding
D(Γ, G) →֒ SZ(Γ), [ϕ]Aut(G) 7→ [ϕ]SZ(Γ)
into the structure set SZ(Γ). We observe that the image of the embed-
ded D(Γ, G) under ε is the set
G(Γ)G = {H ∈ G(Γ) | H ∼= G};
under the name S(G,Γ) the latter set plays a central role in [26].
We summarise these facts as follows.
Proposition 8.11. Let Γ be a Zariski-dense lattice in a simply con-
nected, solvable Lie group G. Then the structure map
ε : SZ(Γ)→ G(Γ)
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is a bijection which maps the deformation space D(Γ, G) ⊆ SZ(Γ) onto
the subset G(Γ)G ⊆ G(Γ).
Proof. For every H ∈ G(Γ) the associated inclusion map ι : Γ →֒ H
defines an element δ(H) = [ι]SZ(Γ). It is straightforward to check that
the resulting map δ : G(Γ)→ SZ(Γ) and ε are mutually inverse to each
other. One also verifies easily that δ maps G(Γ)G to the subspace
D(Γ, G) of SZ(Γ). 
8.4. Proofs of Theorem E and Corollaries G, F, H. Let Γ be
a Zariski-dense lattice in a simply connected, solvable Lie group. By
Proposition 8.11, the structure set SZ(Γ) can be represented by the set
G(Γ) of subgroups of AΓ. Hence the results of Section 6 lead to several
applications on SZ(Γ).
Proof of Theorem E. By Proposition 8.11 the cardinality of SZ(Γ) is
the same as the cardinality of G(Γ). Therefore, Theorem E follows
directly from Proposition 6.2 and Corollary 6.3. 
Corollary F is a direct consequence of Theorem E and Proposi-
tion 8.11.
Proof of Corollary G. Suppose that Γ is a Zariski-dense lattice in G
which is not strongly rigid. Then SZ(Γ) has more than one element.
Moreover, since G is unipotently connected, Proposition 6.5 shows that
the subset Guc(Γ) of unipotent subgroups in G(Γ) is countably infinite.
Using the identification of D(H,G) with G(Γ)H ⊆ G(Γ), Theorem A
shows that, for each H ∈ Guc(Γ), the set G(Γ)H is finite. Since the
subset Guc(Γ) is infinite, we conclude that there are infinitely many
pairwise non-isomorphic unipotently connected groups which are con-
tained in Guc(Γ). In particular, Γ is a Zariski-dense lattice in count-
ably infinitely many, pairwise non-isomorphic, unipotently connected
groups. 
Corollary H is a direct consequence of Theorem A.
9. The topologies on SZ(Γ) and D(Γ, G)
The purpose of this section is to prove Theorem I and its Corollary J.
Let Γ be a Zariski-dense lattice in a simply connected, solvable Lie
group. We want to use the bijection ε : SZ(Γ) → G(Γ), described in
Proposition 8.11, to define a topology on SZ(Γ).
For this we briefly recall the definition of two natural topologies on
the collection CX of non-empty closed subsets of a topological space X .
For any subset S ⊆ X we put
BS = {C ∈ CX | C ⊆ S} and B
′
S = {C ∈ CX | C ∩ S 6= ∅}.
A base for the Vietoris topology on CX is given by all finite intersections
of sets taking the form BU or B
′
U , where U is any open subset of X .
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The Chabauty topology on CX is given by all finite intersections of
sets taking the form BX\K or B
′
U , where K is any compact subset K
and U any open subset of X . Clearly, if X is Hausdorff, then every
Chabauty-open subset of CX is also Vietoris-open. If X is compact,
then the Vietoris and the Chabauty topology coincide. The Chabauty
topology plays an important role in investigating the set C(G) of closed
subgroups of a locally compact group G; for instance, see [25] for a
general discussion.
Returning attention to the lattice Γ and its structure set SZ(Γ), let
A = AΓ be the real algebraic hull of Γ. We recall from Section 6 that
G(Γ) consists of all tight Lie subgroups of A containing Γ. Thus G(Γ) ⊆
C(A) can be equipped with the Vietoris or the Chabauty subspace
topology. It is natural to use the bijection ε : SZ(Γ)→ G(G) to transfer
these topologies from G(G) to SZ(Γ), and it turns out that both yield
the discrete topology.
Proposition 9.1. Let Γ be a Zariski-dense lattice in a simply con-
nected, solvable Lie group. Then the structure set SZ(Γ) is discrete
with respect to the Chabauty topology inherited from G(Γ). The same
holds for the Vietoris topology.
Proof. Since A = AΓ is Hausdorff, it suffices to consider the Chabauty
topology. In fact we will be working with the topology on C(A) which
admits as a base the collection of finite intersections of sets of the form
B′U , where U is an open subset of A.
Fix a point H ∈ G(Γ). We are to show that H is an isolated point.
The group A decomposes into a semidirect product A = H ⋊ T , as
described in Lemma 3.18. Let τ : A → T be the associated projection
with kernel H . Proposition 3.17 shows how τˆ : C(A) → C(T ), G 7→
τ(G) maps the set of tight Lie subgroups of A to C(T ). Moreover, a
tight Lie subgroup G satisfies τˆ(G) = {1} if and only if G = H . Recall
that a Lie group does not have small subgroups, i.e. there is an open
neighbourhood of the identity which contains no Lie subgroups except
the trivial group. Let V be such a neighbourhood in the Lie group T .
Then U = τ−1(V ) \ {1} is an open subset of A and B′U ∩ G(Γ) = {H}.
Hence H is isolated in G(Γ). 
Let G be a simply connected, solvable Lie group which contains Γ
as a Zariski-dense lattice. As described in Section 8.3 the deformation
space D(Γ, G) = Aut(G)\X(Γ, G) admits a natural embedding into
the structure set SZ(Γ). The space X(Γ, G) carries the topology of
pointwise convergence and induces the quotient topology on D(Γ, G).
For D(Γ, G) →֒ SZ(Γ) to be continuous, we require that D(Γ, G) is
discrete. We use a result of Wang to show that this is indeed the case.
Proposition 9.2. Let Γ be a Zariski-dense lattice in a simply con-
nected, solvable Lie group G. Then the deformation space D(Γ, G) is
discrete with respect to the quotient topology inherited from X(Γ, G).
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Proof. Let ϕ0 ∈ X(Γ, G). We have to show that the Aut(G)-orbit of
ϕ0 in X(Γ, G) is open. Without loss of generality we may assume that
ϕ0 = idΓ : Γ→ G is the identity map on Γ. We have Γ ⊆ G ⊆ A = AR,
where A = AG = AΓ denotes a common algebraic hull for the groups
Γ and G. Setting N = Nil(G), let D = Aut(ΓN)◦ denote the identity
component of the group of all Lie automorphisms of the group ΓN .
In [27] Wang proved that the restriction map
D → X(Γ, G), ϑ 7→ ϑ|Γ = ϑ ◦ ϕ0
yields a homeomorphism between D and X(Γ, G)0, the connected com-
ponent of X(Γ, G) containing ϕ0.
Every ϕ ∈ X(Γ, G) extends uniquely to an element Φ ∈ AutR(A).
Hence we obtain a map D → AutR(A) given by ϑ 7→ Θ, where Θ
extends ϑ|Γ. We contend that every Θ arising in this way restricts to
an automorphism of G. Let ϑ ∈ D and consider the extension Θ of ϑ|Γ.
SinceD is connected, ϑ acts trivially on the discrete space ΓN/N . Since
Γ is Zariski-dense inA, this implies that Θ acts trivially onA/N, where
N denotes the Zariski-closure of N in A. Thus Θ(G) ⊂ GN = G.
This shows that the Aut(G)-orbit of ϕ0 in X(Γ, G) contains the entire
component X(Γ, G)0. Since X(Γ, G) is locally path connected, X(Γ, G)0
is open in X(Γ, G). Hence we conclude that the Aut(G)-orbit of ϕ0 in
X(Γ, G) is open. 
Theorem I is a direct consequence of Propositions 9.1 and 9.2. We
also record the following conclusion from the proof of Proposition 9.2.
Corollary 9.3. Under the same assumptions as in Proposition 9.2,
the Aut(G)-orbits on X(Γ, G) are unions of connected components of
X(Γ, G). In particular, they are open.
The work of Wang [27] implies that, for any lattice Γ in a simply
connected, solvable Lie group the connected components of X(Γ, G) are
manifolds. If a Lie group H acts transitively on a connected manifold
Y then its identity component H◦ also acts transitively on Y . Thus
Corollary J follows from Corollary 9.3.
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